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ABSTRACT 

W e  i n v e s t i g a t e  t h e  i n f e r e n c e  r u l e s  
t h a t  can be a p p l i e d  t o  f u n c t i o n a l  and 
mul t iva lued  dependencies  t h a t  e x i s t  i n  a 
d a t a b a s e  r e l a t i o n .  Three t y p e s  of r u l e s  
a r e  d i scussed .  F i r s t ,  w e  l i s t  t h e  w e l l  
known r u l e s  f o r  f u n c t i o n a l  dependencies .  
Ther, w e  i n v e s t i g a t e  t h e  r u l e s  f o r  m u l t i -  
va lued  dependencies .  I t  i s  shown t h a t  
fcr ... ach r u l e  f o r  f u n c t i o n a l  dependencies  
the  same rule o r  a s i m i l a r  r u l e  h o l d s  
f o r  n u l t i v a l u e d  dependencies .  There i s ,  
howc .ier, one a d d i t i o n a l  r u l e  f o r  mul t i -  
valued dependencies  t h a t  has  no p a r a l l e l  
amonq t5e r u l e s  f o r  f u n c t i o n a l  dependen- 
c ies .  F i n a l l y ,  w e  p r e s e n t  r u l e s  t h a t  
invo 1 ve func t iona  1 and mu l t i v a l u e d  
depe idenc ie s  t o g e t h e r .  The main r e s u l t  
of  t h e  paper  is  t h a t  t h e  r u l e s  p r e s e n t e d  
a r e  romple te  f o r  t h e  fami ly  of func t ion -  
a l  and mul t iva lued  dependencies .  

1. INTRODUCTION 

I n  t h e  r e l a t i o n a l  model o f  d a t a  
b a s e s ,  t h e  d a t a  is organ ized  i n t o  
r e l a t i o n s .  A r e l a t i o n  can be  viewed a s  
a t a b l e  where each row o f  t h e  t a b l e  
d e s c r i b e s  an e n t i t y  and each column 
cor responds  t o  an  a t t r i b u t e  o f  t h e  
e n t i t y  be ing  d e s c r i b e d .  The r e l a t i o n s  
i n  t h e  d a t a  base  a r e  t i m e  vary ing:  
e n t i t i e s  a r e  i n s e r t e d ,  d e l e t e d  and 
modi f ied .  However, t h e  s t r u c t u r e  o f  t h e  
r e l a t i o n s  i s  i n v a r i a n t .  This  s t r u c t u r e  
i s  d e s c r i b e d  by means o f  a r e l a t i o n a l  
schema. Such a schema c o n s i s t s  of  a 
d e s c r i p t i o n  o f  t h e  s t r u c t u r e  o f  each  
one of t h e  r e l a t i o n s ,  e . g . ,  i t s  name, t h e  
a t t r i b u t e s  t h a t  appear  i n  i t ,  i n t e g r i t y  
c o n s t r a i n t s ,  e t c .  

I t  has  been observed  t h a t  t h e  r e l a t i -  
onsh ips  between t h e  a t t r i b u t e s  i n  a 
r e l a t i o n  have an impor tan t  r o l e  i n  d e t e r -  

mining i t s  p r o p e r t i e s .  F u n c t i o n a l  
dependencies  a r e  an impor tan t  example o f  
such a r e l a t i o n s h i p .  Codd, i n  h i s  f i r s t  
pape r s  on t h e  r e l a t i o n a l  model [Coddl, 
Codd23, cbse rved  t h a t  r e l a t i o n s  i n  which 
c e r t a i n  p a t t e r n s  of f u n c t i o n a l  depend- 
e n c i e s  occur  e x h i b i t  u n d e s i r a b l e  be- 
h a v i o r .  T h i s  o b s e r v a t i o n  l e d  him t o  t h e  
d e f i n i t i o n  o f  second and t h i r d  normal 
forms f o r  r e l a t i o n a l  schemas. These 
normal forms e l i m i n a t e  most o f  t h e  
problems r e l a t e d  to  t h e  e x i s t e n c e  o f  
f u n c t i o n a l  dependencies  i n  t h e  r e l a t i o n s .  

Because of t h e i r  importance f o r  t h e  
unde r s t and ing  of t h e  p r o p e r t i e s  o f  r e l a t -  
i o n a l  schemas, f u n c t i o n a l  dependencies  
have been e x t e n s i v e l y  s t u d i e d .  Armstrong 
fArm] d i d  an  e x h a u s t i v e  s t u d y  of t h e i r  
p r o p e r t i e s  and p r e s e n t e d  a s e t  o f  i n f e r -  
ence  r u l e s  (he  c a l l e d  them axioms) f o r  
t h e  fami ly  o f  f u n c t i o n a l  dependencies .  
H e  proved t h a t  i f  F i s  a se t  o f  func t ion -  
a l  dependencies  t h a t  i s  c l o s e d  under h i s  
r u l e s ,  t h e n  t h e r e  i s  a r e l a t i o n  R such 
t h a t  t h e  set  of  f u n c t i o n a l  dependencies  
which ho ld  f o r  R is e x a c t l y  F. A s  shown 
by Fagin [ F a g l ] ,  t h i s  r e s u l t  i m p l i e s  t h e  
completeness  o f  Armst rong ' s  r u l e s  f o r  
f u n c t i o n a l  dependencies .  Using 
Armst rong ' s  r u l e s ,  Be rns t e in  and B e e r i  
( [ B e r n l ,  BernZ]) have r e c e n t l y  p re sen ted  
an e f f i c i e n t  a l g o r i t h m  f o r  s y n t h e s i z i n g  
a r e l a t i o n a l  schema from a g iven  s e t  o f  
f u n c t i o n a l  dependencies .  T h e i r  work 
c l a r i f i e s  t h e  connec t ion  between t h e  
u s e r ' s  view a s  expres sed  by a s e t  o f  
f u n c t i o n a l  dependencies  and t h e  r e l a t i o n -  
a l  schema t h a t  embodies i t .  

I t  h a s  been observed  by workers i n  
t h e  a r e a  of d a t a  base  seman t i c s  (see e . g .  
[SS])  t h a t  t h e  concept  o f  a f u n c t i o n a l  
dependency i s  n o t  g e n e r a l  enough t o  cap- 
t u r e  t h e  semant ics  of  the user's view o f  
t h e  d a t a  base .  There are  dependencies  
t h a t  a r e  n a t  f u n c t i o n a l .  
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Suppose, for example, t h a t  t h e  c h i l d r e n  
of  employees are l i s t e d  i n  t h e  r e l a t i o n  
which con ta ins  t h e  information about t h e  
employees. C l e a r l y ,  t h e  set  of c h i l d r e n  
names of an employee depends on t h e  
i d e n t i f i e r  o f  t h e  employee only: however, 
s i n c e  t h e r e  may be  more than one c h i l d  
name i n  t h e  s e t  t h i s  i s  n o t  a f u n c t i o n a l  
dependency. I t  has  a l s o  been observed 
t h a t  t h e  e x i s t e n c e  of such ' gene ra l -  
i z e d '  dependencies i n  a r e l a t i o n  may 
lead t o  redundancy i n  t h e  r e p r e s e n t a t i o n  
of t he  d a t a  and, a s  a r e s u l t ,  t o  unde- 
s i r a b l e  p r o p e r t i e s  s imi l i a r  t o  those  t h a t  
w e r e  observed by codd i n  r e l a t i o n s  t h a t  
a r e  not  i n  t h i r d  normal form. However, 
s i n c e  t h i r d  normal form i s  based on t h e  
concept of  f u n c t i o n a l  dependency, t h e s e  
p r o p e r t i e s  e x i s t  even i n  t h i r d  normal 
form schemas. 

Recently,  Faqin [Fag21 and, i n -  
dependently,  Zaniolo [Zan) have presented 
a formal d e f i n i t i o n  of  a nonfunct ional  
dependency, which Faqin c a l l s  a " m u l t i -  
valued dependency. I '  I t  t u r n s  o u t  t h a t  
t hese  dependencies are indeed a general-  
j z a t i o n  of f u n c t i o n a l  dependencies.  A l s o ,  
they have t h e  important p rope r ty  t h a t  t h e  
?x i s t ence  of  such dependencies i n  a 
r e l a t i o n  i s  equ iva len t  t o  the f a c t  t h a t  
t h e  r e l a t i o n  i s  t h e  n a t u r a l  j o i n  o f  some 
c f i t s  p r o j e c t i o n s ,  I t  s e e m s  t h e r e f o r e  
t h a t  t h e  s tudy of  t h e s e  dependencies may 
.ead t o  a b e t t e r  understanding o f  t h e  
s t r u c t u r e  o f  r e l a t i o n a l  schemas. 

I n  [FagZ], Fagin demonstrated a 
number of  p r o p e r t i e s  of t h e s e  m u l t i -  
valued dependencies. I n  p a r t i c u l a r ,  
h e  showed t h a t  t h e  e x i s t e n c e  of such 
dependencies i n  a r e l a t i o n  may indeed 
r e s u l t  i n  undes i r ab le  redundancy. 
T h i s  obse rva t ion  l e d  h i m  t o  a de f in -  
i t i o n  of  a new ( ' f o u r t h ' )  normal form 
f o r  r e l a t i o n a l  schemas. To f a c i l i t a t e  
f u r t h e r  s tudy  of t h e s e  dependencies and 
t h e i r  i n f luence  on t h e  s t r u c t u r e  of  
r e l a t i o n s ,  w e  i n v e s t i g a t e  i n  t h i s  paper 
t he  in fe rence  r u l e s  t h a t  can be app l i ed  
to t h e s e  dependencies. W e  p r e s e n t  a 
s e t  of such r u l e s  and prove t h a t  t h i s  
s e t  i s  complete. There are t h r e e  types 
of i n fe rence  r u l e s  t o  be d i scussed .  The 
f i r s t  type i s  i n f e r e n c e  r u l e s  f o r  
func t iona l  dependencies. T h e  second type 
i s  in fe rence  r u l e s  f o r  mult ivalued depend 
enc ie s ,  t h a t  i s ,  r u l e s  t h a t  a l low u s  t o  
i n f e r  from t h e  e x i s t e n c e  of some m u l t i -  
valued dependencies i n  a r e l a t i o n  t h e  
ex i s t ence  of  a d d i t i o n a l  mult ivalued de- 
pendencies i n  t h e  r e l a t i o n .  The t h i r d  
type i s  "mixed" in fe rence  r u l e s  by which, 

given t h e  e x i s t e n c e  o f  f u n c t i o n a l  and 
mult ivalued dependencies i n  a r e l a t i o n ,  
one can i n f e r  t h e  e x i s t e n c e  i n  t h e  r e l a t -  
i o n  o f  a d d i t i o n a l  dependencies,  t h e  e x i s t -  
ence of which cannot he i n f e r r e d  us ing  
r u l e s  o f  t h e  previous types.  

The r u l e s  f o r  f u n c t i o n a l  dependencies 
a r e  w e l l  known and w e  p r e s e n t  them without  
p roof s .  Ce r t a in  in fe rence  r u l e s  of  t h e  
second type w e r e  noted by Faqin [Fag21 
and Zaniolo [Zan].  The e x i s t e n c e  o f  r u l e s  
of  t h e  t h i r d  type  was f i rs t  observed by 
Faqin,  who noted a s p e c i a l  cdse. F a g i n ' s  
work was mainly meant t o  be an i n t r o d u c t -  
i on  t o  t h e  concept of a mult ivalued depen- 
dency and some.of t h e  r u l e s  w e r e  p re sen t -  
ed i n  r e s t r i c t e d  forms. O u r  purpose i n  
t h i s  paper is  t o  s t a t e  and prove the r u l e s  
i n  what w e  b e l i e v e  is t h e i r  most g e n e r a l  
form and t o  show t h a t  t h e  r u l e s  t h a t  w e  
p r e s e n t  a r e  complete,  t h a t  i s ,  no add- 
i t i o n a l  r u l e s  are needed. 

There are q u i t e  p r a c t i c a l  reasons 
f o r  o b t a i n i n g  a complete ax iomat i za t ion  
( t h a t  i s ,  a complete set  of i n fe rence  
r u l e s ) .  I t  i s  w e l l  known t h a t  consider-  
a t i o n  of  dependencies t h a t  e x i s t  among 
a t t r i b u t e s  i n  t h e  d a t a  base i s  a va luab le  
t o o l  f o r  t h e  database des igne r .  Assume 
t h a t  a da t abase  des igne r  has  noted c e r t a i n  
f u n c t i o n a l  and mult ivalued dependencies 
t h a t  hold f o r  a r e l a t i o n  schema t h a t  i s  
being analyzed. He can u s e  t h e s e  depend- 
e n c i e s  as inpu t  t o  a 'box '  which (us ing  
t h e  complete s e t  of  r u l e s )  can determine 
f o r  any o t h e r  dependency whether it i s  a 
l o g i c a l  consequence of  t h e  i npu t  depend- 
e n c i e s .  (See [Beerl]  o r  [Bernl]  f o r  a 
d e s c r i p t i o n  of  such a 'box'  f o r  funct ion-  
a l  dependencies and [Beer21 f o r  a des- 
c r i p t i o n  o f  a 'box '  f o r  mult ivalued de- 
pendencies . )  If  the  se t  of r u l e s  is no t  
known t o  be complete then t h e r e  may e x i s t  
dependencies t h a t  are l o g i c a l  consequenc- 
es of t h e  inpu t  dependencies b u t  cannot 
be so l abe led  by t h e  ' b o x ' .  Thus, t he  
completeness of  the r u l e s  ensures  t h e  
schema des igne r  t h a t  he has  complete 
knowledge about t h e  inpu t  dependencies 
and a l l  t h e i r  l o g i c a l  consequences. For 
f u r t h e r  d i s c u s s i o n  of t h i s  s u b j e c t  s e e  
[Fag31 * 

I t  i s  i n t e r e s t i n g  t o  no te  t h a t  t he  
r u l e s  f o r  mult ivalued dependencies 
p re sen ted  h e r e  a r e  very s imi l a r  t o  t h e  
r u l e s  f o r  f u n c t i o n a l  dependencies. Speci-  
f i c a l l y ,  w e  s h o w  t h a t  for each r u l e  for 
f u n c t i o n a l  dependencies,  e i t h e r  t h e  same 
r u l e  o r  a very s i m i l a r  r u l e  a p p l i e s  t o  
mult ivalued dependencies and, t o  o b t a i n  a 
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complete s e t  of r u l e s  f o r  mult ivalued de- 
pendencies,  on ly  one a d d i t i o n a l  r u l e  is 
needed. This s i m i l a r i t y  has been 
explored by B e e r i  [Bee r21  t o  extend t h e  
r e s u l t s  of [Bernl ,  ~ e r n a ]  t o  mult ivalued 
dependencies. 

I n  t h i s  paper w e  d e a l  on ly  with i n f -  
erence r u l e s  f o r  dependencies i n  a f ixed 
given r e l a t i o n .  The problems t h a t  a r i s e  
when t h e  r e l a t i o n  i s  no t  f i xed  a r e  of a 
d i f f e r e n t  na tu re .  For example, one may 
want t o  know, given a se t  of  dependencies 
i n  a r e l a t i o n ,  which dependencies w i l l  be 
v a l i d  i n  a p r o j e c t i o n  of t h e  r e l a t i o n  o r  
i n  a j o i n  of t h e  r e l a t i o n  with some o t h e r  
r e l a t i o n .  These problems a r e  o u t s i d e  t h e  
scope of t h i s  paper.  (The p r o j e c t i o n  
problem w a s  discussed bv Fagin [FagZ].) 

The paper is organized as follows. 
I n  Sec t ion  2 w e  introduce r e l a t i o n s  and 
d e f i n e  t h e  concept of a c o n s t r a i n t  on a 
s e t  o f  r e l a t i o n s .  W e  view both funct ion-  
a l  and mult ivalued dependencies a s  spec- 
i a l  types o f  c o n s t r a i n t s .  W e  a l s o  ex- 
p l a i n  what 1s an in fe rence  r u l e  and what 
i s  a comDlete set  of i n fe rence  r u l e s .  ~n 
Secfion 3 w e  d e f i n e  f u n c t i o n a l  dependen- 
tie:; and l i s t  t h e i r  i n fe rence  r u l e s .  
Yul t ivalued dependencies a r e  discussed 
i n  i c c t i o n  4 .  They a r e  def ined i n  
Sec t lon  4 . 1 ,  t h e i r  i n fe rence  r u l e s  (of 
t h e  second type)  a r e  discussed and prov- 
ed i n  Sec t ion  4 . 2  and t h e  in fe rence  r u l e s  
o f  t he  t h l r d  type a r e  proved i n  S e c t i o n  
4 . 3 .  I n  Sec t ion  5 we prove t h a t  t h e  
r u l e s  l i s t e d  i n  Sec t ions  3 and 4 a r e  
c o c r ’ e t e  fo r  t h e  family of  f u n c t i o n a l  and 
mu1:ivalued dependencies. 

2.  RELATIONS AND CONSTRAINTS 

The word r e l a t i o n  i s  used i n  t h e  
l i t e r a t u r e  t o  denote a s e t  of  t u p l e s  and 
a l s o  t o  denote a s t r u c t u r a l  d e s c r i p t i o n  
of  s e t s  of t u p l e s .  ~t i s  important t o  
d i s t i n g u i s h  between t h e s e  two deno ta t ions .  
I n  t h i s  paper we d e a l  with sets of t u p l e s  
and t h e  word r e l a t i o n  i s  used on ly  t o  
denote a s e t  o f  t u p l e s .  

The f u n c t i o n a l  and mult ivalued depen- 
dencies  t r e a t e d  i n  t h i s  paper a r e  s p e c i a l  
types of c o n s t r a i n t s  on r e l a t i o n s .  I n  
t h i s  s e c t i o n  we exp la in  what a c o n s t r a i n t  
i s  and d i s c u s s  in fe rence  r u l e s  and com- 
p l e t e n e s s  o f  sets of i n fe rence  r u l e s  f o r  
f a m i l i e s  of c o n s t r a i n t s .  

2 . 1  Relat ions and R e l a t i o n a l  Operat ions 

A t t r i b u t e s  a r e  symbols taken from a 

f i n i t e  set (A1,A 2 . . . ) .  Each a t t r i b u t e  A 

h a s  a s s o c i a t e d  w i t h  it a domain, denoted 
by DOM(A) , which i s  t h e  set  o f  p o s s i b l e  
va lues  €o r  t h a t  a t t r i b u t e .  For a set of 
a t t r i b u t e s  X ,  an X-value is an assignment 
of values  t o  t h e  a t r r i b u t e s  of X from 
t h e i r  domains. W e  w i l l  u se  t h e  le t ters  
A ,  B, ... f o r  s i n g l e  a t t r i b u t e s  and t h e  
let ters X ,  Y ,  . .. f o r  sets of  a t t r i b u t e s .  
Following common p r a c t i c e  i n  papers  on 
r e l a t i o n a l  d a t a  bases, w e  w i l l  not d i s -  
t i n g u i s h  between t h e  a t t r i b u t e  A and t h e  
set  (A). A l s o ,  i f  X and Y a r e  sets o f  
a t t r i b u t e s  ( n o t  n e c e s s a r i l y  d i s j o i n t )  , 
then w e  w r i t e  X Y  f o r  t h e  union o f  X and Y 
whenever t h a t  union appears  i n  a dependen- 
cy  o r  i n  an expres s ion  denot ing a pro- 
j e c t i o n  of a r e l a t i o n .  

A r e l a t i o n  on t h e  set of a t t r i b u t e s  
(Al, ..., A ) is a s u b s e t  of  t h e  c r o s s  

2roduct DOM(A1) x ... x DOM(A ) .  The ele- 
ments o f  t h e  r e l a t i o n  are c a l f e d  t u p l e s  or  
- rows. S ince  a r e l a t i o n  i s  a set ,  t h e  o r d e r  
of t h e  rows is  unimportant.  Also,  s i n c e  
t h e  a t t r i b u t e s  are d i s t i n c t ,  t h e  o r d e r  of 
t h e  columns i s  unimportant.  A r e l a t i o n  
R on (A1, ..., An) w i l l  be denoted by 
R(A1, ..., A n ) .  
l a t i o n  ove r  t h e  union o f  t h e  sets X , Y , . . . ,  
then w e  u s e  t h e  n o t a t i o n  R ( X ,  Y, ...). 
The le t te rs  u ,  v ,  ... w i l l  be used t o  
denote s i n g l e  t u p l e s .  

n 

S i m i l a r l y ,  i f  R i s  a re- 

There are two o p e r a t i o n s  on r e l a t i o n s  
t h a t  a r e  of  i n t e r e s t  t o  u s  - p r o j e c t i o n  
and t h e  n a t u r a l  j o i n .  

I f  u i s  a t u p l e  i n  a r e l a t i o n  R ( X )  
and A i s  an a t t r i b u t e  i n  x ,  then  u(A] is 
t h e  A-component of  u. S i m i l a r l y ,  i f  Y i s  
a s u b s e t  of X ,  t hen  u [y ]  i s  t h e  t u p l e  (of  
s i ze  I Y l )  con ta in ing  t h e  components of u 
corresponding t o  t h e  elements of Y. The 
p r o j e c t i o n  o f  R on Y, denoted by R[Y], is 
def ined by 

R[Y] = {u[Y] I u E R) 

That is ,  R[Y] is a r e l a t i o n  on Y contain-  
i n g  a l l  t u p l e s  generated from t h e  t u p l e s  
o f  R by omi t t i ng  t h e  components co r re s -  
ponding t o  a t t r i b u t e s  n o t  i n  Y. Note t h a t  
R[Y] i s  a set ,  so each t u p l e  occur s  on ly  
once even i f  it is  generated by  s e v e r a l  
t u p l e s  o f  R. W e  w i l l  use  t h e  term pro- 
j e c t i o n  a l s o  f o r  s i n g l e  t u p l e s ;  e.g., 
u[Y] is c a l l e d  t h e  p r o j e c t i o n  of u on Y. 

Let R(X,Y) and S ( Y , Z )  be relations 
where X, Y and Z are d i s j o i n t  sets o f  
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a t t r i b u t e s  ( i . e . ,  Y i s  t h e  set  o f  a t t r i -  
b u t e s  t h a t  a r e  common t o  R and S ) .  The 
n a t u r a l  join o f  R and S i s  t h e  r e l a t i o n  
T ( X , Y , Z )  def ined by 

T ( X , Y , Z )  = ( ( x , Y , ~ )  I ( x , Y )  R and 

That i s ,  t h e  n a t u r a l  j o i n  i s  c r e a t e d  by 
g lu ing  t o g e t h e r  t u p l e s  of  R w i t h  t u p l e s  
o f  S t h a t  have t h e  same values  f o r  a l l  
a t t r i b u t e s  t h a t  are common t o  t h e  t w o  
r e l a t i o n s .  

(Y,Z) 6 sl I 

2 . 2  c o n s t r a i n t s  and In fe rence  r u l e s  

I t  is  convenient t o  d i s c u s s  funct-  
i o n a l  and mult ivalued dependencies and 
t h e i r  i n f e r e n c e  r u l e s  i n  t h e  c o n t e x t  of  
c o n s t r a i n t s  on r e l a t i o n s .  A s  w e  w i l l  s e e ,  
t hese  dependencies are indeed s p e c i a l  
types of c o n s t r a i n t s .  

A c o n s t r a i n t  involving t h e  set  o f  
a t t r i b u t e s  (Al, ..., An)  i s  a p r e d i c a t e  on 
the  c o l l e c t i o n  of  a l l  r e l a t i o n s  on t h i s  
se t .  A r e l a t i o n  R ( A  , . . . ,  An) obeys t h e  
c o n s t r a i n t  i f  t h e  value of t h e  p r e d i c a t e  
f o r  R i s  ' T R U E ' .  I f  R obeys t h e  cons- 
t r a i n t ,  then w e  a l s o  say t h a t  t h e  con- 
s t r a i n t  i s  v a l i d  i n  R.  A c o n s t r a i n t  i s  
def ined by g iv ing  a n o t a t i o n  f o r  ex- 
p re s s ing  it and t h e  cond i t ion  under which 
a r e l a t i o n  obeys i t .  

A s  an example, suppose t h a t  e m -  
ployees i n  a company a r e  t o  be desc r ibed  
by -: r e l a t i o n  EMP(EMP-NO, EMP-SAL, EMP- 
A G E , .  . . ) . A p r i o r i ,  any r e l a t i o n  of t h i s  
form can e x i s t  i n  t h e  d a t a  base.  However, 
i f  one s p e c i f i e s  a c o n s t r a i n t  t h a t  ENP-AGE 
should be between 18 and 6 5  then on ly  
r e l a t i o n s  i n  which t h i s  c o n s t r a i n t  i s  
v a l i d  can exist i n  t h e  data base.  S i m -  
i l a r l y ,  t h e  s p e c i f i c a t i o n  t h a t  Em-NO i s  
a key is  a c t u a l l y  a c o n s t r a i n t  on t h e  
r e l a t i o n s .  A r e l a t i o n  obeys t h i s  con- 
s t r a i n t  on ly  i f  no two d i f f e r e n t  t u p l e s  
i n  it have t h e  s a m e  value of  t h e  a t t r i -  
bu te  EMP-NO. Note t h a t  t o  s p e c i f y  t h a t  
E W - X O  is  a key is t h e  same as  t o  r e q u i r e  
t h a t  a l l  t h e  o t h e r  a t t r i b u t e s  of  t he  re- 
l a t i o n  a r e  f u n c t i o n a l l y  dependent on it. 
Thus, f u n c t i o n a l  dependencies are cons- 
t r a i n t s .  The c o n s t r a i n t s  which w e  con- 
s i d e r  i n  t h i s  paper a r e  f u n c t i o n a l  de- 
pendencies and mult ivalued dependencies. 

I t  i s  o f t e n  p o s s i b l e ,  given a s e t  of  
c o n s t r a i n t s ,  t o  prove t h a t  some o t h e r  con- 
straints are  implied by t h e  qiven se t .  
Given a set o f  c o n s t r a i n t s  r = ( C  
C n j ,  we say  t h a t  t h e  c o n s t r a i n t  c i s  G- I' :"' 
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p l i e d  by r i f  C i s  v a l i d  i n  every r e l a t -  
ion which obeys a l l  t h e  c o n s t r a i n t s  i n  r. 
I n  o t h e r  words, C is  implied b y r i f  t h e r e  
e x i s t s  no counterexample r e l a t i o n  t h a t  
obeys a l l  t h e  c o n s t r a i n t s  o f r b u t  does 
n o t  obey C.  An in fe rence  & f o r  a fam- 
i l y  of c o n s t r a i n t s  is a r u l e  by which, 
given some c o n s t r a i n t s  from t h e  family,  
one can i n f e r  t h a t  some o t h e r  c o n s t r a i n t  
is  implied by them. 

For an example of an in fe rence  r u l e  
l e t  u s  look a t  t h e  w e l l  known t r a n s i t i v i -  
t y  r u l e  f o r  f u n c t i o n a l  dependencies.  
(Funct ional  dependencies a r e  de f ined  fo r -  
mally i n  t h e  next  s e c t i o n . )  t h e  r u l e  
s ta tes  t h a t  i f  t h e  f u n c t i o n a l  dependen- 
cies A->B and B->C are v a l i d  i n  a r e l a t -  
ion then t h e  f u n c t i o n a l  dependency A->C 
is  also v a l i d  i n  i t .  Since t h e  r u l e  
enables  u s  t o  i n f e r  t h e  v a l i d i t y  of A->C 
i n  a r e l a t i o n  from t h e  v a l i d i t y  of A->B 
and B->C i n  t h e  r e l a t i o n ,  it enables  u s  
t o  i n f e r  t h a t  A->C is  implied by A->B and 
B->C. 

A se t  of  i n fe rence  r u l e s  i s  complete 
f o r  a family o f  c o n s t r a i n t s  i f  f o r  each 
se t  r o f  c o n s t r a i n t s  from t h e  family,  t h e  
c o n s t r a i n t s  t h a t  are implied by rare ex- 
a c t l y  those  t h a t  can be der ived from i t  
using t h e s e  i n f e r e n c e  r u l e s .  That i s ,  
t he  r u l e s  p r e s e n t  u s  with an e f f e c t i v e  
way of  f ind ing  a l l  t h e  c o n s t r a i n t s  t h a t  
are implied by any given se t  of  cons t r a -  
i n t s  i n  t h e  family.  W e  n o t e  t h e  follow- 
ing important consequence of the  d e f i n i -  
t i o n  of  completeness: A se t  of r u l e s  i s  
complete f o r  a family of  c o n s t r a i n t s  i f  
and on ly  i f ,  f o r  each s e t r o f  c o n s t r a i n t s  
i n  the family and f o r  each c o n s t r a i n t  c 
t h a t  can n o t  be i n f e r r e d  from Tby us ing  
the  r u l e s  i n  t h e  s e t ,  t h e r e  e x i s t s  a r e -  
l a t i o n  i n  which ris v a l i d  b u t  C i s  no t  
v a l i d .  This  obse rva t ion  is  t h e  b a s i s  o f  
our  completeness proof i n  S e c t i o n  5 .  
(Ac tua l ly ,  i n  a d d i t i o n  t o  proving comp- 
l e t e n e s s  i n  t h e  sense def ined h e r e ,  w e  
a l s o  prove t h e r e  completeness of  our  
r u l e s  f o r  a s l i g h t l y  s t r o n g e r  concept o f  
completeness. ) 

The concept of completeness of a s e t  
of  r u l e s  i s  of  prime importance i n  any 
system where i n f e r e n c e  r u l e s  a r e  used. 
As w e  noted i n  t h e  I n t r o d u c t i o n ,  on ly  i f  
a complete s e t  of r u l e s  is used,  can t h e  
da t abase  des igne r  be assured t h a t  he has  
complete knowledge of  a l l  dependencies 
t h a t  hold i n  a given da tabase .  Indeed, 
t h e  f a c t  t h a t  Armstrong's r u l e s  f o r  func- 
t i o n a l  dependencies a r e  complete is an 
inhe ren t  and b a s i c  assumption i n  t h e  work 



on f u n c t i o n a l  dependencies r epor t ed  i n  
[Bernl ,  Bernz]. S i m i l a r l y ,  a s tudy  o f  
mult ivalued dependencies and t h e i r  i n f l u -  
ence on t h e  s t r u c t u r e  of r e l a t i o n s  m u s t  be 
based on a complete set  of r u l e s  f o r  them. 
This  need f o r  a complete set  of r u l e s  w a s  
t h e  motivat ion f o r  t h e  work r epor t ed  i n  
t h i s  paper. 

3 .  FUNCTIONAL DEPENDENCIES AND THEIR 
INFERENCE RULES 

Funct ional  dependencies form a f a m -  
i l y  o f  c o n s t r a i n t s  t h a t  has been t r e a t e d  
e x t e n s i v e l y  i n  t h e  l i t e r a t u r e  (see, e . g . ,  
[ A r m ,  Bernl ,  Bern21 and t h e  r e fe rences  
given t h e r e ) .  Therefore  w e  omit t h e  
p roof s  i n  t h i s  Sect ion.  

A f u n c t i o n a l  dependency (abbr .  F D )  , 
f ,  i s  a s ta tement  f :  x+Y where X and Y 
are s e t s  of a t t r i b u t e s .  I f  R ( X ,  Y, . . . )  
i s  a r e l a t i o n  on a set  of  a t t r i b u t e s  t h a t  
con ta ins  X and Y ,  then R obeys t h e  FD f i f  
every two t u p l e s  of R which have t h e  same 
p r o j e c t i o n  on X a l s o  have the  same projec-  
t i o n  on Y. Given f:X-iY, w e  say t h a t  f i s  
a f u c c t i o n a l  dependency from X t o  Y ,  t h a t  
Y i 5  f u n c t i o n a l l y  dependent on X o r  t h a t  
S f u n c t i o n a l l y  determines Y .  F r o m  t h e  
d e f i r i t i o n  it follows t h a t  f o r  each pair  
o f  se ts  X and Y t h e r e  i s  a t  most one 
func t iona l  dependency from X t o  Y. There- 
fore. w e  u s u a l l y  omit t h e  name of t h e  FD 
and w r i t e  V->Y. 

Note t h a t  even though an FD X->Y 
involves  only t h e  a t t r i b u t e s  of  t h e  s e t s  
X a n d  Y ,  i t  can be i n t e r p r e t e d  a s  a con- 
s t r a i n t  on r e l a t i o n s  whose a t t r i b u t e s  
include t h e  a t t r i b u t e s  i n  X and Y and per- 
haps more. Indeed, it follows from t h e  
d e f i n i t i o n  t h a t  t h e  v a l i d i t y  of t h e  FD for 
a p a r t i c u l a r  r e l a t i o n  depends on ly  on t h e  
values  i n  t h e  columns named by t h e  a t t r i -  
bu te s  from X and s. 

Using t h e  d e f i n i t i o n  it is  easy t o  
prove t h e  v a l i d i t y  of t h e  following in-  
ference r u l e s  ( o r  axioms) f o r  FD's .  Fagin 
[Fag l ]  showed t h a t  i t  follows from Arm- 
strong's r e s u l t  [ A r m ]  t h a t  t hese  r u l e s  are 
complete f o r  F D ' s .  I n  t h e  r u l e s ,  X ,  Y, 2 
and :J a r e  a r b i t r a r y  sets of a t t r i b u t e s .  

F D 1  ( R e f l e x i v i t y )  : I f  Y c X then X+Y. 

F D 2  (Augmentation) : I f  2 c W and X->Y 
then XW->YZ. 

F D 3  ( T r a n s i t i v i t y ) :  I f  X->Y and Y->Z 

( S t r i c t l y  speaking, F D 1  is  an axiom schema: 
the " r e f l e x i v e "  PD's e x i s t  i n  every r e l a t -  

then x-X. 

i on  no matter what o t h e r  F D ' s  e x i s t  i n  it. 
However, t h i s  d i s t i n c t i o n  is no t  s i g n i f i -  
c a n t  f o r  t h e  purpose of t h i s  paper and w e  
i gnore  i t . )  

Even though t h i s  set  of  r u l e s  is  
complete, i t  is convenient t o  introduce 
a d d i t i o n a l  r u l e s  (which, of course,  a r e  
consequences of F D 1  - FD3). 

FD4 ( P s e u d o - t r a n s i t i v i t y )  : I f  X->Y 
and YW-X then Xw-iZ.  

FD5 (union) : I F  X+Y 
and X-bZ then X - + Y Z .  

then X->Y and X->Z. 
FD6 (Decomposition) : I f  X->YZ 

The r u l e s  FD5, FD6 s ta te  t h a t  €o r  a given 
set  of  a t t r i b u t e s  w e  can combine and de- 
compose t h e  sets t h a t  depend on it a r b i t r -  
a r i l y .  I n  p a r t i c u l a r ,  i t  follows t h a t  t h e  
FD X->A1.. SAn 
F D ' s  X->A1,. . . , X->A . This p rope r ty  is  n 
very u s e f u l  f o r  t h e  manipulation o f  FD's 
and f o r  proving t h e i r  p r o p e r t i e s .  (See, 
f o r  example, t h e  ex tens ive  use  of t h e s e  
p r o p e r t i e s  i n  [Bernl ,  BernZ].)  

i s  equ iva len t  t o  t h e  se t  of 

Note: The se t  of  r u l e s  F D 1 ,  FD3, 
F D 5 ,  i s  a l s o  complete f o r  F D ' s .  

For a set F o f  F D ' s  t h e  c l o s u r e  of 
F, denoted by F+,  i s  the  se t  of  a l l  FD'S 
d e r i v a b l e  from F us ing  t h e  r u l e s  F D 1  - FD3. 
Armstrong's r e s u l t  can be s t a t e d  a s  
follows: For every s e t  F of F D ' s ,  t h e r e  
e x i s t s  a r e l a t i o n  such t h a t  t h e  s e t  of 
F D ' s  t h a t  are v a l i d  i n  it is e x a c t l y  F+. 

4 .  MULTIVALUED DEPENDENCIES AND THEIR 
INFERENCE RULES 

4 . 1  Multivalued Dependencies 

The concept of f u n c t i o n a l  dependency 
i s  no t  g e n e r a l  enough t o  cap tu re  the  
va r ious  types  of  dependencies t h a t  e x i s t  
i n  r e l a t i o n s .  I t  is  p o s s i b l e  t h a t  i n  a 
r e l a t i o n  t h e  values  o f  t h e  a t t r i b u t e s  i n  a 
se t  Y depend on ly  on t h e  values  of  t h e  
a t t r i b u t e s  i n  a set X ,  b u t  t h e r e  is  more 
than one Y-value f o r  a given X-value. 
Such a dependency is n o t  f u n c t i o n a l .  The 
concept of  mult ivalued dependency was in- 
troduced by Fagin [Fag21 and Zaniolo [Zan] 
t o  d e s c r i b e  such dependencies. The r eade r  
is  r e f e r r e d  t o  t h e i r  papers f o r  d e t a i l e d  
d i s c u s s i o n  and examples. 

Let  R ( U )  be a r e l a t i o n ,  and l e t  Y be 
a subse t  of U. For each subse t  x of u 
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(X and Y a r e  n o t  n e c e s s a r i l y  d i s j o i n t ) ,  
and for each X-value, x, w e  d e f i n e  

u[X] = x and u[Y] = y ]  

Y is a func t ion  t h a t  g i v e s ,  f o r  each X 
and f o r  each X-value, t h e  set  o f  Y-values 
t h a t  appear w i t h  t h i s  X-value i n  t u p l e s  of 
t h e  r e l a t i o n .  I n  terms o f  r e l a t i o n a l  
o p e r a t i o n s ,  t h e  value o f  Y (x) is computed 
by f i r s t  s e l e c t i n g  from R be t u p l e s  ( i f  
any) t h a t  have x as t h e i r  x -p ro jec t ion  and 
then p r o j e c t i n g  t h e  r e s u l t i n g  set o f  t u p l -  
es on Y. The set Y ( x )  is nonempty i f  and 
on ly  i f  x appears  i n  a t  least  one t u p l e  of  
R. 
arguments t h a t  are sets of X-values i n  t h e  
obvious way. I n  p a r t i c u l a r ,  it is possib- 
l e  t o  c o n s i d e r  composition, e.g., 

R 

R 

The d e f i n i t i o n  can be gene ra l i zed  t o  

ZR(Y*(X) 1 - 
A mult ivalued dependency (abbr .  MVD) , 

g,  on a set o f  a t t r i b u t e s  U is a state- 
ment g:X->->Y, where X and Y are s u 5 s e t s  
of  IJ. L e t  Z be t h e  complement of theun ion  
o f  X and Y i n  U. A r e l a t i o n  R ( v )  obeys 
t h e  MvD g:X->+Y i f  f o r  every XZ-value, 
x z ,  t h a t  appears  i n  R, we have Y (xz) = 
Y ( X I .  i p  +'-le set  o f  Y-values t h a t  appears i n  R 
with a given x appears  w i th  every comb- 
i n a t i o n  of  x and z i n  R.  Thus, t h i s  s e t  
is  a func t ion  of x alone and does n o t  de- 
pend on t h e  Z-values t h a t  appear w i t h  x. 
Given g:X-,->Y, w e  say t h a t  q is  a m u l t i -  
valued dependency from X t o  Y ( i n  t h e  set 
U ) .  A s  w e  do f o r  FD's, h e r e  a l s o  w e  
u s u a i l y  omit t h e  name g of the  MVD. 

I n  words, t h e  MVD g is v a l i d  R i n  R 

Remark: W e  a l low X o r  Y t o  be t h e  empty 
s e t .  I f  Y i s  t h e  empty set, then w e  g e t  
t h e  MVD X--.->j3; w e  agree t h a t  t h i s  tam 
i s  v a l i d  i n  a l l  r e l a t i o n s .  If X i s  t h e  
empty se t ,  w e  get %->->Y which i s  v a l i d  
i n  a r e l a t i o n  i f  and on ly  i f  t h e  set  of 
Y-values i n  t h e  r e l a t i o n  is  independent of  
t h e  values  of all t h e  o t h e r  a t t r i b u t e s  i n  
t h e  r e l a t i o n .  L e t  R ( Y , Z )  be a r e l a t i o n  
where Y and Z a r e  d i s j o i n t .  I n t u i t i v e l y ,  
t h e  MVD @-->--)Y is v a l i d  i n  R i f  and o n l y  
i f  R i s  t h e  Cartesian product o f  its pro- 
j e c t i o n s  R[Y) and R [ Z ] .  This  i s  i n  accor- 
dance wi th  an a l t e r n a t i v e  c h a r a c t e r i z a t i o n  
of MVD's given by Fagin (see Propos i t i on  2 
below). For f u r t h e r  d i scuss ion  of t h e s e  
s p e c i a l  ca ses ,  -see [Fagal.  

From t h e  d e f i n i t i o n s  it fol lows t h a t  
i f  X->Y is v a l i d  i n  a r e l a t i o n  R t hen  
X->->Y is also v a l i d  i n  R. Thus, each F D  
i s  a l s o  an HVD. 
A n  MVD X->+Y i s  an FD on ly  i f  f o r  each x 
t h e  se t  Y (x)  con ta ins  a t  most one element,  
which i s  no t  always t h e  case. 

T h e  converse i s  n o t  t r u e .  

R 

There is a fundamental d i f f e r e n c e  be- 
tween t h e  d e f i n i t i o n s  o f  F D ' s  and M V D ' s .  
An FD X->Y is  d e f i n e d ' i n  t e r m s  of t h e  sets 
X and Y alone and can be i n t e r p r e t e d  a s  a 
c o n s t r a i n t  i nvo lv ing  any set  o f  a t t r i b u t e s  
t h a t  con ta ins  X and Y. Indeed, t o  check 
i f  an FD X->Y i s  v a l i d  i n  a r e l a t i o n  R ( U )  
w e  on ly  have t o  check i t s  v a l i d i t y  i n  the  
p r o j e c t i o n  R [ X Y ]  : t h e  v a l i d i t y  does n o t  
depend on the  values  of t h e  o t h e r  a t t r i -  
b u t e s .  On t h e  o t h e r  hand, t h e  v a l i d i t y  o f  
X-i->Y i n  R(U) depends on t h e  values  of 
a l l  a t t r i b u t e s  i n  U and cannot be checked 
i n  R [ X Y ] .  It i s  p o s s i b l e  thaC X-+->Y i s  
n o t  v a l i d  i n  R ( U )  bu t  t h a t  X->->Y is  
v a l i d  i n  t h e  p r o j e c t i o n  R[U'] ,  where 
W e  c U. Thus, MVD'S a r e  s e n s i t i v e  t o  "con- 
tex t"  while  f u n c t i o n a l  dependencies are 
n o t .  (See [Fag21 f o r  f u r t h e r  d i s c u s s i o n  
o f  t h i s  i s s u e ) .  W e  w i l l  see l a t e r  t h a t  
t h i s  "con tex t  dependence" g i v e s  r i se  t o  
an in fe rence  r u l e  for MVD's t h a t  has  no 
p a r a l l e l  among t h e  r u l e s  for F D ' s .  I t  
fol lows t h a t  t h e  s p e c i f i c a t i o n  o f  U is  an 
i n t e r g r a l  p a r t  o f  t h e  MVD. I t  would be 
more a p p r o p r i a t e ,  perhaps,  t o  use t h e  
n o t a t i o n  X->->Y ( U )  t o  stress the  f a c t  
t h a t  t h e  MTD involves  t h e  s e t  U .  How- 
e v e r ,  i n  t h i s  paper w e  assume t h a t  U is  a 
f ixed  given s e t  of a t t r i b u t e s .  For t h i s  
reason,  w e  omit t h e  r e f e r e n c e  t o  U and 
w r i t e  simply x->--,Y. 

I n  F a g i n ' s  paper  [Fag2] ,  he r equ i r ed  
t h a t  t h e  l e f t  and r i g h t  s i d e s  of  an MvD 
be d i s j o i n t .  That i s ,  f o r  X->->Y t o  be 
d e f i n e d ,  it i s  r equ i r ed  t h a t  X and Y be 
d i s j o i n t .  The reason f o r  t h i s  restrict-  
ion i s  t h a t  t r a n s i t i v i t y  does n o t  always 
ho ld  i f  t h e  r e s t r i c t i o n  i s  l i f t e d .  W e  
follow Zaniolo [zan]  i n  t h a t  w e  do no t  
r e q u i r e  t h i s  r e s t r i c t i o n .  A s  w e  show i n  
t h e  next subsec t ion ,  t h e  use of t h e  more 
g e n e r a l  d e f i n i t i o n  l eads  t o  a se t  of  i n -  
f e rence  r u l e s  t h a t  a r e  simple t o  s t a t e ,  
ea sy  t o  u s e  and a l l  bu t  one of which 
(complementation) a r e  s i m i l a r  t o  co r re s -  
ponding r u l e s  f o r  FD's. This  s i m i l a r i t y  
i s  explored i n  [ B e e r 2 1  t o  extend t h e  
r e s u l t s  of [Bernl ,  Bern21 t o  mult ivalued 
dependencies.  

F a g i n ' s  r e s u l t s  f o r  t h e  r e s t r i c t e d  
form O f  MVD's a r e  r e l a t e d  t o  our more 
g e n e r a l  form by t h e  following p r o p o s i t i o n ,  
which i s  a d i r e c t  consequence of  t he  de- 
f i n  it ion. 

P ropos i t i on  I: For a l l  s e t s  of a t t r i b u t e s  
x,Y and U such t h a t  X , Y  c U and for each 
r e l a t i o n  R ( U ) ,  t h e  MVD X-'.-+Y (on t h e  
se t  U)  is  v a l i d  i n  R i f  and on ly  i f  
X->->Y-X is v a l i d  i n  R.  (Y-X i s  t h e  s e t  
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d i f f e r e n c e  o f  Y and X . )  Cl 

I n  o t h e r  words, t h e  MVD X->->y is 
equ iva len t  t o  t h e  r e s t r i c t e d  MVD X->->Y-X. 

The fol lowing important p ropos i t i on  
g ives  an a l t e r n a t i v e  c h a r a c t e r i z a t i o n  o f  
MVD'S. 

Propos i t i on  2:  L e t  X ,  Y and Z be sets 
such t h a t  t h e i r  union is U and Y f l  Z C X .  
For each r e l a t i o n  R ( U )  , t h e  MVD X--,--ZY 
i s  v a l i d  i n  R i f  and on ly  i f  R is  t h e  n a t -  
u r a l  j o i n  of i t s  p r o j e c t i o n s  R[XY] and 
R[XZ] . 
Proof: Fagin [Fag21 has  proved t h e  propo- 
s i t i o n  f o r  t h e  case  t h a t  X ,  Y and 2 form 
a p a r t i t i o n  of U .  I t  i s  s t r a igh t fo rward  
t o  v e r i f y  t h a t  t h e  claim follows from t h i s  
f a c t  and P ropos i t i on  1. 3 

The most i n t e r e s t i n g  s p e c i a l  case of  
P ropos i t i on  2 is  given by t h e  following 
c o r o l l a r y .  

Corol lary:  Let X and Y be subse t s  of U 
and l e t  Z be t h e  complement ( i n  U) of  t h e  
::;-.ion of  X and Y .  For each r e l a t i o n  R ( U ) ,  
the  MVD X->->Y i s  v a l i d  i n  R i f  and on ly  
i i  R i s  the  n a t u r a l  j o i n  o f  i t s  p r o j e c t -  
ions R[XY] and R[XZ] . 

propos i t i on  2 ( e s p e c i a l l y  i n  the form 
given i n  t he  c o r o l l a r y )  i s  probably t h e  
m s t  important s i n g l e  property of  m u l t i -  
valued dependencies. F i r s t ,  a s  shown 
i n  [Fag21 and i n  t h e  next  s e c t i o n ,  i t  
.-in be used t o  prove var ious o t h e r  prop- 
e r t i e s  of :4vD's. Even more important i s  
the r e l a t i o n s h i p  it e s t a b l i s h e s  between 
Y V D ' s  and decompositions of r e l a t i o n s .  
E s s e n t i a l l y ,  t h e  p ropos i t i on  means t h a t  an 
>lM i s  an a l t e r n a t i v e  way of spec i fy ing  
t h a t  a r e l a t i o n  can be expressed a s  the  
n a t u r a l  j o i n  of some of  i t s  p r o j e c t i o n s ,  
t h a t  i s ,  t h a t  t h e  r e l a t i o n  can be de- 
composed i n t o  r e l a t i o n s  on smaller sets o f  
a t t r i b u t e s .  Decomposition i s  a b a s i c  com- 
ponent o f  t h e  theory of r e l a t i o n a l  d a t a  
bases .  A we l l  known example of i t s  u s e  i s  
Codd ' s normalizat ion process .  More gen- 
e r a l l y ,  decomposition can be viewed a s  
p a r t  of t h e  process  of  schema design.  A 
p o s s i b l e  approach t o  t h e  problem of de- 
s ign ing  a r e l a t i o n a l  schema is  t o  con- 
s i d e r  a l l  a t t r i b u t e s  t o  be i n i t i a l l y  con- 
ta ined i n  one b i g  r e l a t i o n .  The schema i s  
the r e s u l t  of decomposing t h i s  r e l a t i o n  
i n t o  a se t  of  r e l a t i o n s  on smaller  s e t s  of 
a t t r i S u t e s .  A s u i t a b l e  decornposition is  
determined by the  r e l a t i o n s h i p s  ( e . g . ,  de- 
pendencies) t h a t  e x i s t  amoncj t he  a t t r i -  
b u t e s .  (See [Fag31 f o r  f u r t h e r  d i scuss ion  

of decomposition.)  Because o f  t h i s  c l o s e  
connection between t h e  concept of  an MVD 
and t h e  concept of decomposition, w e  ex- 
p e c t  t h a t  m's w i l l  have an important 
r o l e  i n  t h e  theory o f  r e l a t i o n a l  d a t a  
bases .  

4 . 2  In fe rence  Rules f o r  MVD'S 

I n  t h i s  subsec t ion  w e  d i s c u s s  "pure" 
in fe rence  r u l e s  for MVD's, t h a t  i s ,  r u l e s  
t h a t  d e a l  w i th  t h e  imp l i ca t ion  of new M w ' s  
from given MVD's. W e  w i l l  d i s c u s s  "mixed" 
r u l e s  t h a t  involve both FD's and MVD's i n  
t h e  next  subsect ion.  I n  the following w e  
assume t h a t  U is  a given s e t  of  a t t r i b u t e s  
and t h a t  a l l  o t h e r  sets of a t t r i b u t e s  a r e  
contained i n  it. A l l  MVD's  a r e  t o  be in- 
t e r p r e t e d  i n  the  c o n t e x t  of U.  

have symmetric r o l e s .  A s  a c o r o l l a r y  w e  
o b t a i n  t h e  following in fe rence  r u l e .  

I n  P ropos i t i on  2 ,  t h e  sets Y and 2 

MVDO (Complementation): Le t  X ,  Y and 
Z be sets such t h a t  t h e i r  
union i s  U and Y f l  Z 5 x. 
Then X+->Y i f  and on ly  i f  
x--;->z. 

The r u l e  i s  c a l l e d  the  complementation 
r u l e  s i n c e  it is u s u a l l y  app l i ed  when Z is  
the complement ( i n  U )  of e i t h e r  Y o r  of  
t he  union of X and y .  I t  is  t h e  only r u l e  
f o r  MVD's i n  which the  consequense of 
applying the r u l e  t o  some MVD depends ( t o  
some e x t e n t )  on the underlying s e t  U. ~n 
a l l  t h e  o t h e r  r u l e s  only the  sets t h a t  
appear i n  t h e  given dependencies p a r t i c i -  
p a t e  i n  forming t h e  s i d e s  of t he  r e s u l t  
dependency. A s  an example of the  use of 
the r u l e ,  w e  note  t h a t  P ropos i t i on  1 is  a 

follows by two a p p l i c a t i o n s  of M v D O  t h a t  
X--)->Y i f f  X-p--,u-(Y-X) i f f  X->--.Y-X. 

consequence of the r u l e .  Indeed, it L 

W e  now proceed t o  p r e s e n t  t h e  a d d i t -  
i o n a l  i n fe rence  r u l e s  t h a t  t oge the r  with 
MVDO c o n s t i t u t e  a complete set  of i n f e r -  
ence r u l e s  f o r  MVD'S. 

M V D l  ( R e f l e x i v i t y ) :  I f  Y X 

MVl2 (Augmentation): I f  2 C W and 

then X-!->Y. 

x -> ->y 
then xw->->YZ. 

MVD3 ( T r a n s i t i v i t y )  : I f  X+--rY and 
y->-\z 
then X--,--rZ -Y . 

The v a l i d i t y  o f  t h e  f i r s t  two r u l e s  
follows d i r e c t l y  from t h e  d e f i n i t i o n  and 
w e  o n i t  t h e  p roof s .  The most i n t e r e s t i n g  
case  of  MVD2 occurs  when Z = @. Fagin 
[Fag21 has  proved t r a n s i t i v i t y ,  using 
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Propos i t i on  2 ,  f o r  t h e  s p e c i a l  c a s e  where 
x ,  Y and Z a r e  pairwise d i s j o i n t .  (With- 
o u t  t h e s e  r e s t r i c t i o n s ,  some of  t h e  M v D ' s  
i n  t h e  r u l e  are undefined according t o  h i s  
d e f i n i t i o n  o f  MVD'S.) Note t h a t  when Y 
and Z are d i s j o i n t ,  M V D 3  g ives  u s  c l a s s i -  
c a l  t r a n s i t i v i t y :  i f  X->->Y and y->->Z, 
then X->->Z. W e  p re sen t  he re  a d i r e c t  
proof f o r  t h e  g e n e r a l  case.  

w e  look f i r s t  a t  t h e  simple s i t u a t i o n  
of F D ' s .  I f  X->Y and Y->Z then t h e  proof 
of X->Z is almost immediate. It  i s  t r u e  
f o r  a l l  sets X ,  Y and Z t h a t  2 (x )  c 
ZR(Y ( x )  ) . If X-->Y then Y (x) R con ta ins  a 
sing!?e element: i f  a l s o  Y->z R then 2 (Y (x)) con ta ins  a s i n g l e  element and R R  so is 
equa l  t o  2 ( x ) .  The fact  t h a t  2 (x) con- 
t a i n s  a s i n g l e  element means thaP  X->Z. 
For MVD's, however, t h e  s i t u a t i o n  i s  more 
complicated.  Even i f  2 (x) = Z (Y (x)) , 
s a t i s f i e d .  

R 

t he  cond i t ion  f o r  X->->E may nog be R 

By P ropos i t i on  1 w e  know t h a t  Y->->Z 
i s  equ iva len t  t o  Y->-%-Y. Therefore ,  
without loss o f  g e n e r a l i t y ,  w e  assume t h a t  
Y and Z a r e  d i s j o i n t .  L e t  W be t h e  com- 
picxnent i n  U of t h e  union of X and Z .  L e t  
R ( U )  be a r e l a t i o n  i n  which X->->Y and 
Y->->Z a r e  v a l i d .  To prove t h a t  X->->Z 
we have t o  show t h a t  Z ( x )  = Z ( x w )  f o r  
each XW-value, xw, t h a f  appears R i n  R.  

F i r s t  w e  show t h a t ,  f o r  each y i n  
Y , , ( x ) ,  w e  have Z (x) = 2 ( x y ) .  C l e a r l y ,  

i n  the se t  d i f f e r e n c e  z ( x ) - z  (xy)  then 
a the combination xz appears i n  some 
t u p l e s  of R ,  and b )  t h e r e  is  no t u p l e  u '  
i n R  such t h a t  u ' [X]  = x, u ' [ z ]  - z and 
u ' [ Y ]  = y hold f o r  u ' .  I t  follows t h a t  
Y ( X Z )  does n o t  con ta in  y ,  although 
Y (x) does con ta in  y. Since Y and Z a r e  
d i s i o i n t ,  t h i s  c o n t r a d i c t s  t h e  given MVD 
X->->Y. 

U k  7,. xy) C Z R ( x ) .  R I f  t h e r e  R e x i s t s  some z 

R R 

R 
R .  

Now, s i n c e  Y->->Z, we have immediate- 
l y  t h a t  ZR(xy) = 2 ( y )  and, by t h e  previous 

( y )  . This i s  t r u e  f o r  
each y i n  Y yx) . 
t h a t  Z (xw) = Z (x), w e  need on ly  show t h a t  
zR(xw) = z ( y )  For some y i n  Y ( x )  . B u t ,  
s i n c e  Z an8 Y a r e  d i s j o i n t ,  weRknow t h a t  
Y C XW. Therefore  xw has a p r o j e c t i o n  y '  
on Y .  This  y '  belongs t o  Y ( x )  and, s i n c e  
Y--,--.Z, it follows t h a t  Z (XW)  = z (17'). 

paragraph, 2 (x) = ' Z R  9 
S i n c e  w e  want t o  show R 

R 

R 

This concludes t h e  p roof .  R R 

T h e  r u l e  M V D 3  cannot be g e n e r a l i z e d .  
I f  Y and 2 a r e  not  d i s j o i n t  then it is  not 
always t r u e  t h a t  X--)->Z. See (Fag21 f o r  
counterexamples. ~n p a r t i c u l a r ,  i f  z is  a 

s u b s e t  of Y then Y->+Z: however, t h e r e  
a r e  many examples of M V D ' s  X->->Y such 
t h a t  t h e r e  is  no MVD from X t o  a subse t  
o f  Y .  

I n  t h e  next  s e c t i o n  w e  prove t h a t  t h e  
r u l e s  MVDO - MVD3 a r e  complete f o r  t h e  
family of MVD's. However, a minimal com- 
p l e t e  s e t  of  r u l e s  is  not; n e c e s s a r i l y  con- 
ven ien t  t o  u s e .  A s  w e  d i d  f o r  F D ' s ,  we 
in t roduce  h e r e  some a d d i t i o n a l  r u l e s  t h a t  
w e  have found t o  be u s e f u l  f o r  t he  mani- 
p u l a t i o n  of MVD'S. - 

M V D 4  ( P s e u d o - t r a n s i t i v i t y )  : 
I f  X--)-->Y and yw->-->z 
then xw->->z-yw. 

This r u l e  i s  a consequence o f  M V D 2  and 
MW3. us ing  augmentation on X++Y w e  
o b t a i n  Xw--2->yw, then xW->->z-yT? i s  ob- 
t a i n e d  by t r a n s i t i v i t y .  

MVD5 (Union) : I f  x->+y and x->+y2 

MvD6 (Decomposition) : 

then x->-->y y 
1 2 '  

I f  X->->Y1 and 

2 
x->->y 

1 y 2 '  
then X->->y 

X->->Y -Y and 

x -> ->y 
1 2  

2-1. 

While MVD5 i s  e x a c t l y  p a r a l l e l  t o  F D 5 ,  
r u l e  M V D 6  is  more r e s t r i c t e d  then F D 6 .  
W e  cannot decompose a s e t  t h a t  appears  on 
t h e  r i g h t  s i d e  o f  an M v D  i n  an a r b i t r a r y  
manner. The on ly  decomposition allowed 
i s  t h e  r e s u l t  o f  Boolean ope ra t ions  on 
s e v e r a l  sets t h a t  depend on a common set. 

The r u l e s  M V D 5  and MVD6 a r e  very use-  
f u l  f o r  t he  manipulation of  MVD's. The 
corresponding r u l e s  f o r  F D ' s ,  namely F D 5  
and FD6, a r e  h e a v i l y  r e l i e d  upon i n  ess- 
e n t i a l l y  a l l  t h e  papers  t h a t  d e a l  with 
F D ' s  ( e - g . ,  [Bee r l ,  Bernl ,  BernZ]) .  The  
r u l e s  M V D 5  and M V D ~ ,  though somewhat re- 
s t r i c t e d ,  a r e  e q u a l l y  u s e f u l .  For ex- 
ample, they are used i n  t h e  completeness 
proof of  t h e  next  s e c t i o n .  They a r e  also 
used i n  [Beer2],  e . g . ,  i n  the c o n s t r u c t -  
i o n  o f  an e f f i c i e n t  a lgo r i thm t o  decide 
i f  a given MVD can be de r ived  from a 
given set  of  MVD'S. 

We prove h e r e  on ly  iV3D5. I t  is  an 
easy  exercise t o  prove M V D 6  from MVD5 and 
MVDO. 
both s i d e s  by X t o  o b t a i n  X->-,,xy 

S t a r t i n g  wi th  X--,->Y2, w e  augment 

2 '  
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S i m i l a r l y ,  augmenting X->->Y1 by Y 2 ,  w e  
o b t a i n  xJ2->->Y Y I f  w e  w e r e  d e a l i n g  
with F D ' s ,  w e  c&u& apply t r a n s i t i v i t y  t o  
terminate  t h e  proof.  However, X Y 2  and 
YlY2 are not  d i s j o i n t ,  and applying MVD3 we 
g e t  on ly  X->->y1. Ins t ead ,  w e  f i r s t  apply 
complementation t o  o b t a i n  X Y  +->U-X-Y Y 2 1 2 '  
Now t h e  s i d e s  are d i s j o i n t  and w e  apply 
t r a n s i t i v i t y  and then complementation once 
more t o  o b t a i n  t h e  d e s i r e d  r e s u l t  X->->YIYz 

Cur ren t ly ,  w e  know o f  no way t o  d e r i v e  
M V D 5  o r  MVD6 from M V D l  - MM3, t h a t  i s ,  
without  using complementation. W e  con- 
jec ture  t h a t  complementation must be used. 
This i s  no t  j u s t  a t h e o r e t i c a l  problem. I n  
[ ~ e e r 2 ]  it is  shown t h a t  f o r  t h e  s y n t h e s i s  
of  r e l a t i o n a l  schemas from MM's,  one needs 
t o  cons ide r  a s e t  of  i n fe rence  r u l e s  t h a t  
does n o t  c o n t a i n  MVDO. 
i n t e r e s t i n g  t o  know i f  i n  such a se t  MVD5 
and MVD6 a r e  independent of t h e  o t h e r  r u l e s .  

I t  is  t h e r e f o r e  

4 . 3  Mixed In fe rence  R u l e s  

I n  t h e  previous subsec t ion  w e  d e a l t  
with the  following problem: Given a set 
o f  M V D ' s ,  what a r e  t h e  a d d i t i o n a l  MVD's 
imolied by t h e  s e t ?  
err t ion t o  the  more g e n e r a l  problem. 
pcse w e  a r e  given a se t  F of FD's ,  and a 
s e t  G of  MVD's. W e  can apply r u l e s  FD1-  
FD6 t o  F to o b t a i n  a d d i t i o n a l  F D ' s ;  w e  can 
-.:so apply YVDO - MVD6 t o  G t o  o b t a i n  
a i ld i t i ona l  MID'S. A r e  t h e r e  any add i t ion -  
a l  dependencies t h a t  a r e  implied by F U G ?  
billat a r e  t h e  in fe rence  r u l e s  t h a t  can be 
used t o  d e r i v e  them? One such r u l e  has  
a l r eady  been mentioned i m p l i c i t l y ,  namely, 
t h a t  each FD i s  a l s o  an MVD. 

I t  a l s o  t u r n s  o u t  t h a t  c e r t a i n  combinations 
of FD's and MVD's imply a d d i t i o n a l  F D ' s  
t h a t  cannot be der ived by t h e  u s e  of  t h e  
above r u l e s .  These obse rva t ions  l ead  u s  
t o  in t roduce  he re  t h r e e  a d d i t i o n a l  r u l e s .  

w e  now t u r n  ou r  a t t -  
sup- 

Thus w e  can 
apply >lVDO - MVD6 to F Y G ,  no t  Only t o  G. 

FD-MVDI: I f  X-BY then X->->Y. 

FD-MVD2: I f  X->->Z and Y->Z'  
( 2 '  g Z ) ,  

where y and Z a r e  d i s j o i n t ,  

then x->Z' . 
FD-MVD1 follows from t h e  d e f i n i t i o n s .  W e  
prove FD-,MVD2. Let  R ( U )  be a r e l a t i o n  i n  
which 'X-2-z~ and Y - > z '  a r e  v a l i d .  Since Y 
and Z a r e  d i s j o i n t ,  i t  follows from the  
d e f i n i t i o n  of  an MVD t h a t  Z (x)  = z (xy) 

Since Z ' g  2, it follows t h a t  a l s o  2' (x) = 
Z I R ( x y ) .  
xI - ->z ' .  So Z '  (x) which i s  equa l  t o  

f o r  each xy t h a t  appears i n  R t h e  r e l a t i o n .  R 

B u t  from Y->Z' it follows h a t  

R 

ZtR(xy) c o n t a i n s  a s i n g l e  element and 

x->z ' . 
Note t h a t  i f  w e  are given a set  F o f  

F D ' s  and a se t  G o f  MVD's, t h e  u s e  o f  t h e  
r u l e  FD-MVD2 can d e r i v e  new F D ' S  t h a t  
poss ib ly  cannot be der ived from t h e  set F 
alone.  S i m i l a r l y ,  u s ing  r u l e  FD-MVD~ on 
these  new F D ' s ,  w e  can d e r i v e  a d d i t i o n a l  
MVD's t h a t  p o s s i b l y  cannot be der ived 
from G and F without  using r u l e  FD-MVD2. 
A s  an example, suppose t h a t  w e  have t h e  
a t t r i b u t e s  A ,  B ,  c ,  D, E and w e  are given 
t h e  dependencies D->C and A->->BC. Using 
r u l e  FD-MVD2 w e  can d e r i v e  t h e  dependency 
A->C. W e  l e ave  i t  t o  t h e  r e a d e r  t o  check 
t h a t  t h i s  dependency cannot be der ived 
from t h e  given two dependencies us ing  all 
r u l e s  except  FD-MVD2. 

The  next  r u l e  w e  i n t roduce  i s  n o t  in-  
dependent; r a t h e r ,  it can be de r ived  from 
t h e  r u l e s  f o r  MVD's and t h e  r u l e s  FD-MVD1, 
FD-MVD2. We p r e s e n t  it f o r  t he  same rea-  
son w e  introduced a d d i t i o n a l  r u l e s  f o r  
F D ' s  and MVD's - t o  o b t a i n  a set of  u s e -  
f u l  and f l e x i b l e  r u l e s .  For more d e t a i l s  
on t h e  u s e  of  t h i s  r u l e  see [Beerz] .  

F D - M V D ~ :  I f  X->->Y and XY->Z, then 
X->Z-Y * 

To prove t h i s  r u l e ,  w e  f i r s t  augment 
X->->Y by X t o  o b t a i n  X-->XY. 
t r a n s i t i v i t y  w e  o b t a i n  X->->z-xY. Now, 
XY+Z is  e q u i v a l e n t  t o  XY->Z-xY so by 
applying FD-MVD2 t o  X->+Z-XY and 
x I - - > Z - X Y ,  w e  o b t a i n  X->Z-XY. C l e a r l y ,  
t h i s  implies  X->Z-Y. 

Applying 

5 .  COMPLETENESS O F  THE RULES 

In this section w e  prove t h a t  t h e  set  
of  r u l e s  introduced i n  S e c t i o n s  3 and 4 
is complete f o r  t he  family of f u n c t i o n a l  
and mult ivalued dependencies. 

L e t  F and G be sets of F D ' s  and M V D ' s  
(on a set  U ) ,  r e s p e c t i v e l y .  The c l o s u r e  
o f  F U G ,  denoted by (F,G)+, i s  the  se t  
of  a l l  F D ' s  and M v D ' s  t h a t  can be de r ived  
from F U G by r epea ted  a p p l i c a t i o n s  of 
t h e  r u l e s  i n  t h e  s e t  ( F D 1 ,  F D 2 ,  F D 3 ,  MVDO, 

t h e  r e s u l t s  of t h e  previous s e c t i o n s  and 
those  o f  [Arm, Fag l ] ,  each of t hese  r u l e s  
i s  a v a l i d  in fe rence  r u l e  f o r  t h e  family 
of dependencies. Therefore ,  each depen- 
dency i n  ( F , G ) +  is  implied by F J G ,  1 .  t- , 
it i s  v a l i d  i n  each r e l a t i o n  t h a t  obeys 
a l l  t h e  dependencies i n  F and G .  To 
prove completeness of  t h i s  se t  of  r u l e s ,  
it remains to  show t h a t  t h e  converse i s  

M V D L ,  MVD2, MvD3, FD-MVD1, FD-MVD2).  By 
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a l s o  t r u e ,  t ha t  is , t h a t  each dependency 
t h a t  i s  implied by F U G belongs t o  ( F , G ) + .  

Reca l l  t h a t  a dependency f i s  implied 
by F U G i f  t h e r e  i s  no counterexample re- 
l a t i o n  such t h a t  a l l  dependencies i n  F U G 
a r e  v a l i d  i n  it b u t  f is  n o t .  To show co- 
mpleteness o f  t h e  rules, w e  have t o  show 
t h a t  f o r  each dependency n o t  i n  (F,G)+ 
such a counterexample r e l a t i o n  does e x i s t .  

I n  t h e  fol lowing w e  assume t h a t  sets 
F and G of F D ' s  and M V D ' s ,  r e s p e c t i v e l y ,  
are given. Before w e  p r e s e n t  t he  complet+ 
ness  theorem w e  need a f e w  more concepts .  

L e t  X be a s u b s e t  of U. There a r e  
s e v e r a l  sets Y such t h a t  t h e  MVD X++Y is  
i n  ( F , G ) + ,  ( e . g . ,  x->->u-x is  always i n  
( F , G ) + ) .  Following Fagin, w e  u s e  t h e  
n o t a t i o n  x+--,Y I y2  i . . . [ Y  
c o l l e c t i o n  of  M 3 D  s x->+bl, x->->Y , ..., 
X--'--)Y . 
i s  u s e % ,  w e  assume t h a t  none of t h e  sets 
Y1,...,yk i s  t h e  empty set .  

t o  denote t h e  

From now on ,  when t h i s  no$ation 

Let u s  denote by DEP(X)  t h e  family o f  
a l l  s e t s  Y f o r  which X->->Y. ( D E P ( X )  i s ,  
o f  course,  a func t ion  of t he  given sets  o f  
dependencies F and G.) W e  have seen t h a t  
D E P O ; )  i s  c losed  under Boolean ope ra t ions  
(!TJPr, b l V D 6 ) .  Therefore .  i t  con ta ins  a 
uniu .e subfamily with the  fol lowing pro- 
p e r t i e s :  

- )  The sets i n  t h e  subfamily a r e  

' 1  Each p a i r  of sets i n  t h e  sub- 

c )  Each se t  i n  D E P ( X )  is  a union of  

nonempty . 

family i s  d i s j o i n t .  

sets from t h e  subfamily.  

This  subfamily consists of all nonempty 
minimal sets i n  DEP(X), i . e .  , those s e t s  
t h a t  do n o t  con ta in  any o t h e r  nonernpty set  
of DEP(X) , We c a l l  t h i s  subfamily the  
dependency b a s i s  o f  X.  I f  yl,. . . ,yk a r e  
the  s e t s  i n  t h e  dependency b a s i s  of  X ,  then 
a s  Fagin noted [Fag21 , the  "gene ra l i zed"  
NVD Y->JrY1 I . . . (Y,< con ta ins  a l l  t h e  in-  
formation about b1IvD's t h a t  have X a s  t h e i r  
l e f t  s i d e .  

Let  X* denote t h e  s e t  o f  a l l  a t t r i b u t -  
es t h a t  a r e  f u n c t i o n a l l y  dependent on X 
(by f u n c t i o n a l  dependencies i n  ( F , G ) + ) .  
C lea r ly  X g X*. X* has  t h e  same r o l e  f o r  
FD's a s  D E P ( X )  has  f o r  MVD's. For each 
A € X* w e  have X-A. Thus, each element 
of X* appears as a s i n g l e t o n  s e t  i n  'che 
dependency b a s i s  of X. The dependency 
b a s i s  con ta ins  o t h e r  sets i f  and only i f  
X* i s  a proper s u b s e t  of U. These remain- 

i n g  sets cover U-X*. w e  no te  t h a t  s i n c e  
X+X* and X*->X, it follows t h a t  D E P ( X )  = 
DEP(X*) and t h e  dependency basis of X i s  
t h e  s a m e  a s  t h e  dependency b a s i s  of X*. 

Theorem 1 (Completeness theorem f o r  FD ' s  
and MVD's): L e t  F and G be sets of F D ' s  
and MvD's (on a se t  U ) ,  r e s p e c t i v e l y .  
For each f u n c t i o n a l  o r  mult ivalued depen- 
dency t h a t  does n o t  belong t o  ( F , G ) +  
t h e r e  e x i s t s  a r e l a t i o n  R ( U )  such t h a t  
all t h e  dependencies i n  (F,G)+ a r e  v a l i d  
i n  R bu t  t h e  given dependency i s  no t  
v a l i d  i n  R. . 
Proof: L e t  X be t h e  l e f t  s i d e  of t he  
dependency t h a t  is n o t  i n  ( F , G ) + .  The 
s e t  X* is a proper  s u b s e t  of  U s i n c e  . 
o the rwise  every ( f u n c t i o n a l  o r  mu l t iva l -  
ued) dependency with l e f t  s i d e  X belongs 
t o  ( F , G ) + .  L e t  W ,.. . , W m ( m  2 1) be t h e  
sets i n  t h e  depenhency b a s i s  o f  x t h a t  
cover U-X*. Thus, X*, W1, . . .  ,W form a 
p a r t i t i o n  o f  U. The MVD X->->XTIW1l.. . 
i s  i n  ( F , G ) +  and, furthermore,  i f  an 
MVD i n  ( F , G ) +  has  X a s  i t s  l e f t  s i d e  then 
i t s  r i g h t  s i d e  i s  a union o f  a s u b s e t  of  

I wm 

X* and some of t h e  sets w 1' - - - ,wm* 

The r e l a t i o n  R ( U )  is cons t ruc t ed  as 
follows: W e  choose t h e  set  (0,l) a s  t h e  
domain of each of  t h e  a t t r i b u t e s  i n  U.  
The r e l a t i o n  R has  2m rows, one row f o r  
each sequence of ze ros  and ones of 
l eng th  m. I n  t h e  row corresponding t o  a 
sequence < a l y . .  . , a  > (where a E (0,l)) , 
each o f  t h e  a t t r i b u t e s  i n  W .  i s  ass igned 
t h e  value a (i=l , . . . , m ) .  Sach a t t r i b u t e  
i n  X* i s  assigned t h e  value 1 i n  a l l  t he  
rows of t he  r e l a t i o n .  For example, i f  
m = 3 ,  then t h e  row corresponding t o  t h e  
sequence <0,1,1> has a l l  1's i n  t he  X* 
columns, a l l  0 ' s  i n  t he  W columns, a l l  
1's i n  t h e  W 
W3 columns. 

m i 

i 

columns an& a l l  1's i n  t h e  2 

W e  now want t o  prove t h a t  R s a t i s f i e s  
t h e  cond i t ion  of  t h e  theorem. I n  what 
fol lows,  w e  u s e  t h e  in fe rence  r u l e s  
presented i n  t h e  previous s e c t i o n s  f o r  
two d i f f e r e n t  purposes.. F i r s t ,  w e  some- 
t i m e s  show t h a t  i f  some given dependen- 
cies a r e  i n  ( F , G ) +  then ( F , G ) +  a l s o  con- 
t a i n s  some o t h e r  dependency. That we can 
u s e  t h e  r u l e s  f o r  t h i s  purpose follows 
d i r e c t l y  from the  d e f i n i t i o n  of  ( F , G ) + .  
Second, w e  a l s o  show t h a t  i f  some depend- 
e n c i e s  a r e  v a l i d  i n  R then t h e r e  i s  an- 
o t h e r  dependency t h a t  i s  v a l i d  i n  R .  W e  
can u s e  t h e  r u l e s  for t h i s  purpose since 
w e  have proved t h a t  they a r e  v a l i d  in- 
f e rence  r u l e s  f o r  t h e  family of depend- 
e n c i e s ,  i . e . ,  t h e i r  a p p l i c a t i o n  t o  de- 
Dendencies t h a t  a r e  v a l i d  i n  a r e l a t i o n  

\ 
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always produces dependencies v a l i d  i n  
t h a t  r e l a t i o n .  w e  w i l l  i n d i c a t e  o u r  in- 
t e n t i o n  each t i m e  w e  u s e  t h e  r u l e s .  

W e  now prove t h e  .following t h r e e  c l e i m s  
about t h e  r e l a t i o n  R w e  have j u s t  cons- 
t r u c t e d .  

(1) I f  t h e  r i g h t  s i d e  of an FD is a non- 
empty subse t  of  w then t h e  FD i s  v a l i d  
i n  R i f  and on ly  i f  i t s  l e f t  s i d e  in -  
t e r s e c t s  W (for i=l, . . . , m )  . 

i 

i 

( 2 )  Each MM t h a t  has  W a s  i t s  r i g h t  
s i d e  i s  v a l i d  i n  R ( f o r  i i=I,. . . , m )  . 
( 3 )  I f  t h e  r i g h t  s i d e  o f  an MVD is a non- 
empty proper subse t  of  W .  then t h e  MVD i s  
v a l i d  i n  R i f  and on ly  ii i ts  l e f t  s i d e  
i n t e r s e c t s  Wi ( f o r  ill,. . . , m )  . 

We f i r s t  prove one d i r e c t i o n  of c l a i m  
1. For each f ixed row of R ,  a l l  t h e  
a t t r i b u t e s  i n  W have t h e  same value.  It  
follows t??at every a t t r i b u t e  i n  W is  
f u n c t i o n a l l y  dependent i n  R on every i 
o t h e r  a t t r i b u t e  i n  W. (and, by augmenta- 
t i o n ,  on every s e t  t h a t  con ta ins  such an 
a r t r i b u t e ) .  Thus w e  have proved t h a t  i f  
the l e f t  s i d e  of t h e  F D  i n t e r s e c t s  Wi 
then t h e  r"D i s  v a l i d  i n  R .  From t h i s  
a!  30 follows the corresponding d i r e c t i -  
on o f  claim 3 ,  s i n c e  every FD i s  a l s o  an 
f.Y '3 . 

i 

We now prove claim 2 and t h e  o t h e r  
C..rections of claims 1 and 3 .  The re- 
l a t i o n  I? i s  t h e  Car t e s i an  product of i t s  
p! l e c t i o n s  R [ W . ]  and R[U-W.]. I t  
follows immediately t h a t  th; MVD 8--->Wi 
i s  v a l i d  i n  R and, by augmentation, 
Y--'---W is v a l i d  i n  R ,  f o r  every set  Y. 
This proves claim 2 .  Now l e t  y and Z be 
s e t s  such t h a t  Y i s  d i s j o i n t  from W and 
Z i s  a nonempty subse t  of  w..  I t  i 
follows 
R t h a t  f o r  each Y-value y ,  t h e  set  
Z ( y )  con ta ins  two 2-values - a O-ass- 
ignment and a 1-assignment t o  the  a t t -  
r i b u t e s  of 2. I n  p a r t i c u l a r ,  t he  F D  
Y--.Z i s  no t  v a l i d  i n  R ;  t h i s  concludes 
t h e  proof of c l a i m  1. 
subse t  of wi l e t  A be an a t t r i b u t e  i n  
W .  -2 .  Then Z (ya )  , where ya i s  a 
YA-value, conFains on ly  a s i n g l e  2-value 
s i n c e  t h e  a t t r i b u t e s  of Z m u s t  be assign-  
ed the  same value a s  t he  a t t r i b u t e  A .  
Therefore  2 ( y )  # z (ya)  and it follows 

This concludes the proof of c la im 3. 

i 

from the above f a c t o r i z a t i o n  1 o f  

R 

I f  Z i s  a proper  

t h a t  t5e ?I& Y--.-.z R i s  not  v a l i d  i n  R. 

W e  now show t h a t  R s a t i s f i e s  the con- 
d i t i o n  o f  t h e  theorem. F i r s t ,  let f be 

an FD i n  ( F , G ) + .  W e  show t h a t  f i s  v a l i d  
i n  R.  By FD6 w e  can assume t h a t  f is  o f  
t h e  form Y-+B where B is a s i n g l e  a t t r i -  
bu te .  Now, i f  B is i n  X* then f i s  c l e a r -  
l y  v a l i d  i n  R s i n c e  i n  R every a t t r i b u t e  
o f  X* assumes a s i n g l e  value and i s ,  t h e r e  
f o r e ,  f u n c t i o n a l l y  dependent on any o t h e r  
a t t r i b u t e .  I f  B i s  n o t  i n  X* then it 
belongs t o  some W I f  Y i s  d i s j o i n t  
from t h i s  W .  t hen  i' from t h e  MVD X->->w 
and t h e  FD +-?B which are both i n  i 
(F,G)+ it would follow by r u l e  FD-MM2 
t h a t  X+B i s  i n  ( F , G ] +  . This  is imposs- 
i b l e  s i n c e  B i s  n o t  i n  X*. 
m u s t  i n t e r s e c t  W 
by c l a i m  1. i 

Therefore  Y 
and Y->B i s  v a l i d  i n  R 

L e t  now g:Y->+z be  an MVD i n  ( F , G ) + .  
W e  show t h a t  g is v a l i d  i n  R .  W e  note  
t h a t  Y-: Z fl X* is  v a l i d  i n  R .  W e  w i l l  
show t h a t ,  f o r  each i, Y->+Z n w .  i s  
a l so  v a l i d  i n  R. 
f o r  some i ,  t h e  set  z f l  w. is e i t h e r  
empty o r  a l l  of wi. 
Y->+W i s  v a l i d  i n  R ;  a s  w e  have noted i n  
Sec t ion  i 4 ,  Y-+->@ is always v a l i d .  Next, 
suppose t h a t ,  f o r  some i ,  z ' n  wi is  a 
nonempty proper s u b s e t  o f  W.. I f  Y does 
no t  i n t e r s e c t  W .  w e  can uselaugmentation 
on Y->--Z t o  o b t a i n  t h a t  U-wi->-=Z is  i n  
( F , G ) + .  Since x+->u-w is a l s o  i n  
( F , G ) +  it fol lows by t r i n s i t i v i t y  ( ~ ~ 3 3 )  
t h a t  X->+Z-(U-W. ) , t h a t  is  X--)->Z 17 w 
is i n  ( F , G ) + .  T k i s  i s  a c o n t r a d i c t i o n i t o  
t h e  assumption t h a t  W i s  a member of  t h e  
dependency b a s i s  of X. i 
sect W 
v a l i d  i i n  R .  W e  have now shown t h a t ,  f o r  
each i ,  Y->->Z n w .  i s  v a l i d  i n  R and so 
i s  a l s o  Y->-sZ n X 4 .  By t ak ing  t h e  union 
(MvD5) it  follows t h a t  Y->->Z is  v a l i d  i n  

R.  

F i r s t ,  suppose $ h a t ,  

By ciaim 2 above, 

Thus Y m u s t  i n t e r -  
and, by claim 3 ,  Y++Z n wi i s  

F i n a l l y ,  l e t  u s  cons ide r  t h e  depend- 
ency (wi th  l e f t  s i d e  X )  which is  known 
n o t  t o  be  i n  (F,G)+. I f  it is  an FD X - ~ Y  
t hen  Y is not  a s u b s e t  of X*, so Y i n t e r -  
sects W f o r  some i. By FD6 i f  X->Y i s  
v a l i d  i n  i R so i s  X->Y n w. and t h i s  con- 

t r a d i c t s  c l a i m  1. 
j o i n t  from each of t h e  W i . )  
X->Y is  n o t  v a l i d  i n  R. I f  t h e  dependen- 
cy i s  an MVD X-?->Y then ,  f o r  same i ,  
Y fl W .  m u s t  be a nonempty proper s u b s e t  

f o r  each i i a r e  i n  ( F , G ) +  t h e  MTJD i 
X-+->Y would be i n  ( F , G ) + ) .  Now, f o r  
t h i s  i ,  X->->Y n Wi i s  not  v a l i d  i n  R by 
claim 3 .  Since X->->W is v a l i d  i n  R ,  i f  
X->->Y w e r e  a l s o  v a l i d  i i n  R we could app- 

l y  M V D 6  ( i n t e r s e c t i o n )  t o  o b t a i n  a con- 
t r a d i c t i o n .  Thus X->->Y is  not  v a l i d  i n  
R. 3 

(Reca l i  t h a t  x* is  d i s -  
Therefore  

o f  W 1 (else s i n c e  X--.Y 0 X* and X--'--,Y n w 
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BY t h e  theorem, w e  know t h a t  any s i n -  
g l e  dependency n o t  i n  ( F , G ) +  is not  i m p l i -  
ed by F U G .  One might ask whether it is 
p o s s i b l e  t h a t  t h e  se t  F U G implies  a 

, where f and f s t a t emen t  l i k e  'f o r  f i  
do n o t  belong t o  ( F , G )  . 
such an impl i ca t ion  i s  t h a t  e i t h e r  f o r  f 1 must be v a l i d  i n  each r e l a t i o n  i n  which 
F U G is  v a l i d  though none o f  them is 
v a l i d  i n  a l l  such r e l a t i o n s .  O u r  next  
theorem s t a t e s  t h a t  t h i s  i s  n o t  t h e  
case.  A s  w e  have noted a t  t h e  end o f  
Sec t ion  2 ,  t h i s  means t h a t  w e  are proving 
completeness of t h e  r u l e s  u s ing  a concept 
of  completeness t h a t  is s t r o n g e r  than t h e  
one def ined t h e r e .  W e  no te  t h a t  Fagin 
[Fagl]  p r e s e n t s  an example of a system i n  
which completeness holds  b u t  i n  which 
" s t r o n g  completeness" f a i l s .  

Theorem 2 (Stronq completeness theorem) : 
L e t  F and G be sets of F D ' s  and M V D ' s  
(on a se t  U ) ,  r e s p e c t i v e l y .  There e x i s t s  
a r e l a t i o n  R ( U )  such t h a t  t h e  set  of  depen- 
dencies  v a l i d  i n  R i s  e x a c t l y  (F,G)+. 

Proof: W e  want t o  show t h a t  t h e r e  e x i s t s  
a r e l a t i o n  i n  which a l l  dependencies i n  
(F, ; + a r e  v a l i d  and i n  which no o t h e r  
dependency i s  v a l i d .  We have seen i n  the 
p ro r f  of Theorem 1 t h a t  f o r  each depend- 
enc. f not  i n  ( F , G ) +  t h e r e  e x i s t s  a re-  
l a t i o n  R (U) i n  which a l l  dependencies 
i n  ' ' , G ) $  a r e  v a l i d ,  f is no t  v a l i d  and 
a l l  a t t r i b u t e s  assume only values  from 
the s e t  { O ,  11. L e t  u s  now u s e  f o r  each 
d e p  ,dency f a d i s t i n c t  set  o f  values 
( C f , l f ) .  The r equ i r ed  r e l a t i o n  R ( U )  i s  
t h c  nion of t hese  r e l a t i o n s  R ( U )  over  
a l l  dependencies f no t  i n  ( F , G f + .  
easy t o  see t h a t  R s a t i s f i e s  t h e  condi- 
t i o n  of  t h e  theorem. 3 

1 The meaning 02 
2 

I t  1s 

Note that our  approach t o  proving 
s t r o n g  completeness i s  somewhat d i f f e r e n t  
from Armstrong's approach. Armstrong 
proved s t ronq  completeness f o r  F D ' s .  For 
t h a t  he showed how t o  d i r e c t l y  c o n s t r u c t  
the counterexample r e l a t i o n  i n  which t h e  
dependencies i n  t h e  c l o s u r e  of a given 
s e t  a r e  v a l i d  and no o t h e r  dependency i s  
v a l i d .  The r e s u l t i n g  r e l a t i o n  is  q u i t e  
cumbersome. I n  o u r  approach, one f i r s t  
c o n s t r u c t s  a counterexample r e l a t i o n  f o r  
each dependency t h a t  is  not i n  t h e  c l o s u r e  
of  t he  given s e t ,  a s  i n  t h e  proof of  Theorem 
1: then t h e s e  r e l a t i o n s  a r e  glued toge the r  
a s  i n  t h e  proof of  Theorem 2 .  The ensuing 
r e l a t i o n  i s  more e a s i l y  understood than 
Armstrong's r e l a t i o n .  

I n  t h e  previous theorems w e  s t a t e d  t h e  
completeness of our  n l e s f o r  t h e  family of 
all dependencies. We now p r e s e n t  complete- 

n e s s  r e s u l t s  f o r  t h e  subfamily of F D ' s  and 
f o r  t h e  subfamily of MVD's. W e  f i r s t  show 
t h a t  t h e  r u l e s  F D 1  - FD3 a r e  complete f o r  
F D ' s .  This r e s u l t  means t h a t  every FD 
t h a t  is d e r i v a b l e  from a given s e t  o f  F D ' S  
by us ing  a l l  n ine  r u l e s  (FDl-FD3, MVDO- 
MVD3, FD-MVD1,FD-MVDZ) p re sen ted  i n  t h i s  
paper,  can be de r ived  from i t  us ing  on ly  
t h e  t h r e e  r u l e s  FD1-FD3. S i m i l a r l y ,  w e  
show t h a t  t h e  r u l e s  MVDO-MVD3 are comple- 
t e  f o r  M V D ' s .  That i s ,  every MVD der- 
i v a b l e  from a given set  of MVD's can be 
de r ived  from it  us ing  o n l y  t h e s e  four  
r u l e s  - 

The completeness r e s u l t  for F D ' s  is  
no t  new, of  cour se .  The proof presented 
he re  i s  e s s e n t i a l l y  t h e  proof given i n  ' 

[Fag l ] .  W e  i nc lude  it he re  f o r  s e v e r a l  
reasons.  F i r s t l y ,  w e  want t o  p r e s e n t  a l l  
completeness r e s u l t s  i n  one p l ace .  
Secondly, t h i s  is  t h e  f i r s t  t i m e  t h a t  t h e  
completeness i s s u e  is discussed i n  t h e  
con tex t  of FD's and MVD's t oge the r .  U n t i l  
now, every known in fe rence  r u l e  f o r  F D ' s  
w a s  e i t h e r  one of  FD1-FD3 o r  could be 
shown t o  be provable from them ( e . g .  , FD4, 
F D 5  and FD6). Nowe have two a d d i t i o n a l  
r u l e s ,  namely FD-MVD2 and FD-MVD3, which 
are n o t  l o g i c a l  consequences of FDl-FD3. 
W e  want t o  stress t h e  fact  t h a t ,  when 
o n l y  F D ' s  are g iven ,  t h e  r u l e s  FD1-FD3 
a r e  s u f f i c i e n t  t o  d e r i v e  a l l  d e r i v a b l e  
F D ' s .  (The r eade r  should no te ,  however, 
t h a t  t h i s  fac t  does follow from t h e  de f in -  
i t i o n  of  completeness and the  proofs  of  
completeness of t h i s  s e t  of r u l e s  i n  [ A r m ,  
Fag l ] .  W e  want t o  s t r e s s  a known r e s u l t ,  
n o t  t o  prove a new r e s u l t . )  F i n a l l y ,  
t h e r e  is an i n t e r e s t i n g  c o r o l l a r y  t h a t  
follows from t h e  p roof .  

Theorem 3 (Stronq completeness theorem 
f o r  FD ' s ) :  T h e  r u l e s  F D 1 ,  FD2 ,  FD3 

a r e  s t r o n g l y  complete f o r  t he  family of  

Proof: W e  have t o  show t h a t ,  f o r  every 
se t  o f  FD's, t h e r e  e x i s t s  a r e l a t i o n  i n  
which a l l  t h e  F D ' s  t h a t  a r e  d e r i v a b l e  
from t h e  given se t  by using t h e  r u l e s  
FD1-FD3 a r e  v a l i d  and i n  which no o t h e r  
FD i s  v a l i d .  What we w i l l  show i s  t h a t ,  
g iven a se t  of  FD's ,  i f  an FD cannot be 
der ived from it by using t h e s e  t h r e e  r u l e s ,  
then it cannot be der ived from i t  a t  a l l  
( t h a t  i s ,  by us ing  a l l  n ine  r u l e s ) .  The 
d e s i r e d  r e s u l t  w i l l  then follow a s  a 
c o r o l l a r y  of Theorem 2 .  W e  u s e  t h e  same 
technique t h a t  w a s  used i n  t he  proof of 
Theorem 1 bu t  t h e  proof he re  i s  much 
s impler  . 

F D ' S .  

W e  f i r s t  note  t h a t  t h e  r u l e s  FD5 and 

i 

i 
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and F D 6  can be proved from F D 1 - F D 3 .  
Th i s  means t h a t  an a p p l i c a t i o n  of 
F D 5  o r  F D 6  is  equ iva len t  t o  a sequence of 
a p p l i c a t i o n s  of r u l e s  from t h e  set  ( F D ~ ,  
F D 2 ,  F D 3 ) .  Therefore  w e  can assume i n  t h e  
fol lowing,  without  l o s s  o f  g e n e r a l i t y ,  
thr:  a l l  F D ' s  have a s i n g l e  a t t r i b u t e  on 
t h e i r  r i g h t  s i d e .  

Let F be a given set  of F D ' s  on a set 
of a t t r i b u t e s  U, and l e t  f:X->A be an F D  
t h a t  cannot be der ived from F by us ing  t h e  
r u l e s  F D l - F D 3 .  L e t  u s  denote by i? t h e  set  
of a t t r i b u t e s  t h a t  a r e  f u n c t i o n a l l y  depen- 
den t  on X by some FD d e r i v a b l e  from F by 
using the  r u l e s  F D 1 - F D 3 .  ( W e  no te  t h a t ,  
because of F D 1 ,  2 con ta ins  X.  I t  is  a l s o  
c l e a r  t h a t  2 i s  contained i n  X* - t h e  s e t  
of a t t r i b u t e s  t h a t  a r e  f u n c t i o n a l l y  depen- 
dent  on X by some FD i n  F+. A p r i o r i ,  t he  
1 a'. +.er containment may be proper.  - However , 
i t  follows from t h e  theorem t h a t  X = X*. 
We cannot ,  of cour se ,  u s e  t h i s  e q u a l i t y  
u n t i l  the  theorem has been proven. ) L e t  
R ( U )  be a r e l a t i o n  c o n s i s t i n g  of t h e  
following two t u p l e s .  I n  t h e  f i r s t  t u p l e  
of R a l l  the a t t r i b u t e s  a r e  ass igned t h e  
v a i L e  1. I n  t h e  second t u p l e  of  R a l l  
a t t r i b u t e s  of >r a r e  assigned t h e  value 1 
an(? a l l  t h e  a t t r i b u t e s  i n  U-? a r e  ass igned 
the value 0 .  Note t h a t  u-? i s  n o t  empty 
s i n c e  it con ta ins  t h e  a t t r i b u t e  A.  

I t  i s  easy t o  see t h a t  a )  every F D  
whose r i g h t  s i d e  i s  contained i n  i? is 
' J ~ ,  ,d i n  R ,  and b )  an F D  whose r i g h t  s i d e  
Lnrersects  U - 2  is v a l i d  i n  R i f  and on ly  
i f  t s  l e f t  s i d e  a l s o  i n t e r s e c t s  U-?. 
ff:-,--pare t o  claims 1 and 3 i n  t h e  proof o f  
Theorem 1 . )  Let u s  now cons ide r  an a r b i -  
t r a r y  FD Y->B i n  t h e  given s e t  F. W e  w i l l  
show t h a t  t h e  FD i s  v a l i d  i n  R.  I f  Y is  
a subse t  of 2 then X->y can be der ived 
f r o m  F by the  rules F D l - F D 3 ;  s i n c e  t h e  
FD Y-pB i s  i n  F ,  w e  o b t a i n  by F D 3  ( t r a n s -  ' 
i t i - i i t y )  t h a t  B is i n  2 and Y->B is v a l i d  
i n  R. 
two claims above, Y->B i s  v a l i d  i n  R.  I t  
follows t h a t  a l l  t h e  F D ' s  i n  F a r e  v a l i d  
i n  R and t h e r e f o r e  a l l  F D ' s  and MVD's i n  
Ff a r e  v a l i d  i n  R .  

I f  Y i n t e r s e c t s  U-? t hen ,  by t h e  

Now l e t  u s  consider  t h e  given F D  
f:X->A. Since i t  cannot be der ived from 
F ky  using t h e  r u l e s  F D l - F D 3 ,  A belongs t o  
U-X. I t  follows from ( b )  above t h a t  f i s  
not  v a l i d  i n  R and t h e r e f o r e  t h a t  f is  no t  
i n  F+. 3 

I n  many papers d e a l i n g  with F D ' S  ( e .g .  
[ A r m ,  B e r n l ,  Be rn2 ,  F a g l ] )  , t he  c l o s u r e  of 
a set  o f  F D ' s  i s  def ined t o  b e  t h e  s e t  of  
a l l  F D ' s  de r ivab le  from it  by using t h e  

r u l e s  F D l - F D 3 .  This  d e f i n i t i o n  is more 
r e s t r i c t e d  than  o u r  d e f i n i t i o n  which 
inc ludes  i n  t h e  c l o s u r e  a l l  F D ' s  and M V D ' s  
d e r i v a b l e  from the set by us ing  a l l  n i n e  
r u l e s  p re sen ted  i n  t h i s  paper.  However, 
it follows from t h e  theorem t h a t ,  a s  f a r  
as F D ' s  are concerned, t h e  two d e f i n i t i o n s  
are equ iva len t .  c l e a r l y ,  i n  any work 
t h a t  d e a l s  on ly  with F D ' s  and i n  which 
the  concept of  MVD does n o t  appear ,  no 
ambiguity can a r i s e  i f  t h e  more r e s t r i c t e d  
d e f i n i t i o n  is used. 

As a c o r o l l a r y  t o  t h e p o o f  of 
Theorem 3 w e  can now o b t a i n  a'simple 
c h a r a c t e r i z a t i o n  of  t h e  M V D ' s  i n  t h e  
c l o s u r e  o f  a set  F o f  F D ' s .  Namely, each 
MVD i n  F+ is  e i t h e r  one o f  t h e  F D ' s  i n  F+ 
o r  i s  t h e  r e s u l t  of  app ly ing  MVDO (com- 
plementat ion)  t o  such an F D .  W e  no te  t h a t  
t h i s  c o r o l l a r y  can a l s o  be obtained from 
a r e s u l t  by Rissanen [ R i S S ,  The.11. 

c o r o l l a r y :  L e t  F be a se t  of  F D ' S  on a 
s e t  of a t t r i b u t e s  U .  L e t  g:X->-+Y be an 
MVD i n  F+ and l e t  be t h e  MVD 
<:X->->U-Y (which is  a l s o  i n  F + ) .  Then 
e i t h e r  g o r  g i s  t h e  r e s u l t  of applying 
r u l e  FD-MVD~ t o  an FD i n  F+. (Recal l  
t h a t  r u l e  FD-MVD1 e s s e n t i a l l y  s t a t e s  t h a t  
every F D  is  a l s o  an MVD. Thus the 
c o r o l l a r y  means t h a t  e i t h e r  g o r  i t s  
'complement' S is  e s s e n t i a l l y  an FD i n  F ' . )  

-- Proof: L e t  t h e  set  X be t h e  l e f t  s i d e  of  
the given MVD g. we cons ide r  t h e  re- 
l a t i o n  R ( U )  cons t ruc t ed  i n  t h e  proof of  
Theorem 3 ,  i n  which a l l  a t t r i b u t e s  of X* 
(= 2) a r e  assigned t h e  value 1 i n  both 
t u p l e s  and t h e  a t t r i b u t e s  of U-X* a r e  
ass igned t h e  value 1 i n  t h e  f i r s t  t u p l e  
and t h e  value 0 i n  t h e  second t u p l e .  (For 
t h i s  X it i s  p o s s i b l e  t h a t  U-X* is empty, 
s i n c e  now no a t t r i b u t e  A is  given t h a t  i s  
known t o  be i n  U-X*.) We want t o  show 
t h a t  e i t h e r  X->Y o r  X->U-Y i s  an F D  i n  F+. 
S ince  g i s  i n  F', w e  know t h a t  g i s  v a l i d  
i n  R.  Now, i f  Y i s  a subse t  o f  X* then 
X->Y i s  an FD i n  F+. If Y i n t e r s e c t s  
U-X* then  it i s  obvious t h a t  X->->Y is  
v a l i d  i n  R o n l y  i f  Y con ta ins  a l l  a t t r i -  
bu te s  o f  U-X*. (Compare t o  claims 2 and 
3 i n  t h e  proof o f  Theorem 1. ) B u t  then 
U-Y is  a s u b s e t  of  X* and X->U-Y i s  an F D  
i n  F+. 0 

W e  now p r e s e n t  t h e  completeness re- 
s u l t  f o r  M V D ' S .  

Theorem 4 (Strong completeness theorem for 
M V D ' s )  : The r u l e s  M V D O ,  MVD1, MVD2 ) 

, MvD3 a r e  complete f o r  the family of  M W ' s .  

Proof: Let  G be a given se t  of MVD's. 
W e  want t o  show t h a t  t h e r e  e x i s t s  a re- 
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l a t i o n  i n  which a l l  MVD's d e r i v a b l e  from G 
by t h e  u s e  of t h e  r u l e s  MVDO-MVD~ are v a l i d  
and i n  which no o t h e r  MVD i s  v a l i d .  L e t  R 
be t h e  r e l a t ion  c o n s t r u c t e d  i n  t h e  proof  
of Theorem 2 where G i s  t h e  g i v e n  set of 
MVD'S and F i s  t h e  empty set of FD's. As 
w e  showed i n  t h e  proof  o f  Theorem 2 ,  a l l  
MVD's d e r i v a b l e  from t h e  s e t  F U G (which 
i s  e q u a l  t o  G ,  s i n c e  F i s  empty) by u s i n g  
t h e  r u l e s  FDl-FD3, MYDO-MVD~, FD-MVDI and 
FD-MVD2 are v a l i d  i n  R and no o t h e r  MVD's 
a r e  v a l i d  i n  R.  

Now, t h e  o n l y  way t o  d e r i v e  new MVD's 
i n  Gf wi thou t  u s ing  t h e  r u l e s  MVDO-MVD3 i s  
by app ly ing  r u l e  FD-MVD1 t o  some FD's. 
However, s i n c e  F i s  t h e  empty set ,  i n i t i a -  
l l y  w e  have no FD's. 
g e n e r a t e  new FD's when no FD's are g i v e n  
i s  t o  u s e  r u l e  FD1 which g e n e r a t e s  all t h e  
" r e f l e x i v e "  FD's (of t h e  form X->Y where Y 
i s  a s u b s e t  o f  X ) .  I t  i s  e a s y  t o  see t h a t  
r u l e  FD-MVD2 canno t  be a p p l i e d  when o n l y  
r e f l e x i v e  FD's  a r e  g iven  and t h a t  t h e  
o t h e r  FD-generating r u l e s  (FD2, FD3) can- 
n o t  g e n e r a t e  n o n r e f l e x i v e  FD's from re- 
f l e x i v e  FD's. Thus, t h e  c l o s u r e  of G con- 
t 3 i n s  o n l y  r e f l e x i v e  FD's and app ly ing  r u l e  
F'D-MVD~ w e  g e t  o n l y  t h e  r e f l e x i v e  W ' s .  
i l \wever ,  t h e s e  a r e  also gene ra t ed  by  r u l e  
N V D l .  To conclude ,  a l l  ~ I V D ' S  v a l i d  i n  R 
a r e  gene ra t ed  from G by t h e  r u l e s  MVDO- 
'. m3 a s  w a s  t o  be shown. Ll 

The o n l y  way t o  

Note t h a t  now w e  a l s o  have a charac-  
t i z a t i o n  of  a l l  FD's i n  t h e  c l o s u r e  o f  a 

8 - ven  s e t  G o f  MVD's, namely, every  FD 

inhen one i s  i n t e r e s t e d  i n  MVD'S, no am- 
b i g u i t y  can  a r i s e  i f  t h e  c l o s u r e  of a 
g iven  s e t  of  t h e  W I D ' S  IS d e f i n e d  t o  be 
the  s e t  of  MVD's d e r i v a b l e  from i t  by u s i n g  
t h e  r u l e s  M V D O - M V D ~ .  

1 G' i s  a r e f l e x i v e  FD. I t  fo l lows  t h a t  

6 .  CONCLUSION 

I n  t h i s  paper  w e  have i n v e s t i g a t e d  t h e  
i n f e r e n c e  r u l e s  f o r  f u n c t i o n a l  and mul t i -  
valued dependencies  i n  a d a t a  base  re- 
l a t i o n .  A s e t  o f  r u l e s  was p re sen ted  and 
shown t o  be complete  f o r  t h e  fami ly  of 
f u n c t i o n a l  and mul t iva lued  dependencies .  
I t  was a l s o  shown t h a t  t h e  s u b s e t  o f  r u l e s  
t h a t  apply  t o  rnul t ivalued dependencies  is  
a complete  s e t  of r u l e s  f o r  t h e s e  depend- 
e n c i e s .  Thus, t h e  r u l e s  p re sen ted  h e r e  
a r e  s u f f i c i e n t  f o r  t h e  a n a l y s i s  of  t h e  
p r o p e r t i e s  of  f u n c t i o n a l  and mul t iva lued  
dependencies .  

I n  a d d i t i o n ,  w e  have shown an analogy 
between t h e  w e l l  known r u l e s  for f u n c t i o n a l  
dependencies  and t h e  r u l - e s  f o r  mu1 t i v a l u e d  

- t  
dependencies .  S p e c i f i c a l l y ,  it was shown 
t h a t  f o r  each r u l e  f o r  f u n c t i o n a l  depend- 
e n c i e s ,  t h e  same r u l e  o r  a s i m i l a r  r u l e  is 
v a l i d  for m u l t i v a l u e d  dependencies .  There  
i s ,  however, an a d d i t i o n a l  r u l e  (comple- 
men ta t ion )  f o r  mul t iva lued  dependencies  
t h a t  h a s  no p a r a l l e l  among t h e  rules for 
f u n c t i o n a l  dependencies .  Of p a r t i c u l a r  
importance a r e  t h e  r u l e s  f o r  t h e  manipu- 
l a t i o n  o f  r i g h t  s i d e s  of dependencies  - 
t h e  Union and t h e  Decomposition r u l e s .  
These two r u l e s  w e r e  a l r e a d y  known t o  be 
ve ry  u s e f u l  f o r  t h e  man ipu la t ion  o f  func-  
t i o n a l  dependencies .  While t h e  Decomp- 
o s i t i o n  r u l e  f o r  m u l t i v a l u e a  dependencies  
is s l i g h t l y  less g e n e r a l ,  t h e s e  r u l e s  a r e  
s t i l l  v e r y  u s e f u l  f o r  t h e  man ipu la t ion  o f  
t h e s e  dependencies  s i n c e  t h e y  a l low u s  t o  
perform Boolean o p e r a t i o n s  on t h e  r i g h t  
s i d e s  o f  dependencies .  I t  t u r n s  o u t  t h a t  
a c t u a l l y ,  i n  many c a s e s  where t h e s e  r u l e s  
a r e  used  t o  man ipu la t e  f u n c t i o n a l  depend- 
e n c i e s ,  Boolean o p e r a t i o n s  a r e  a l l  t h a t  is  
needed. T h e r e f o r e ,  s i m i l a r  man ipu la t ions  
can  be a p p l i e d  t o  mul t iva lued  dependencies .  
An example of  t h e  u s e  o f  t h e s e  r u l e s  i s  
ou r  proof  of Theorem 1. Another example 
is  g iven  i n  [ B e e r z ] .  

! 
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I W e  conclude  by ment ioning  some prob- 
l e m s  t h a t  m e r i t  f u r t h e r  r e s e a r c h .  Now 
t h a t  w e  unde r s t and  t h e  p r o p e r t i e s  of de- 

t o  c l a r i f y  t h e  i n f l u e n c e  of  such depend- 
e n c i e s  on t h e  s t r u c t u r e  o f  r e l a t i o n a l  
schemas. Some work i n  t h i s  d i r e c t i o n  has  
a l r e a d y  been done ( [ B e r n l ,  B e r r . 2 ,  B e e r 2 ,  I 

F a g z ] ) .  However, a g e n e r a l  t h e o r y  t h a t  
t i e s  t o g e t h e r  dependencies ,  r e l a t i o n s  and 
o p e r a t i o n s  on r e l a t i o n s  is s t i l l  l a c k i n g .  
A s p e c i f i c  problem i n  t h i s  d i r e c t i o n  is  \ 

to i n v e s t i g a t e  what happens t o  dependencies  
when r e l a t i o n s  a r e  jo ined .  We hope that 
t h e  r e s u l t s  p r e s e n t e d  i n  t h i s  pape r  w i l l  
s e r v e  a s  a b a s i s  f o r  a t t a c k i n g  t h e s e  
problems. 

i 
pendencies  i n  a r e l a t i o n ,  w e  shou ld  t r y  I 

I 
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