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It is a well-known result of Fagin that the complexity class NP coincides 
with the class of problems expressible in existential second-order logic (Z i), 
which allows sentences consisting of a string of existential second-order quan- 
tifiers followed by a first-order formula. Monadic NP is the class of problems 
expressible in monadic Z ; , i.e., Z ; with the restriction that the second-order 
quantifiers are all unary and hence range only over sets (as opposed to rang- 
ing over, say, binary relations). For example, the property of a graph being 
3-colorable belongs to monadic NP, because 3-colorability can be expressed 
by saying that there exists three sets of vertices such that each vertex is in 
exactly one of the sets and no two vertices in the same set are connected by 
an edge. Unfortunately, monadic NP is not a robust class, in that it is not 
closed under first-order quantification. We define closed monadic NP to be 
the closure of monadic NP under first-order quantification and existential 
unary second-order quantification. Thus, closed monadic NP differs from 
monadic NP in that we allow the possibility of arbitrary interleavings of first- 
order quantifiers among the existential unary second-order quantifiers. We 
show that closed monadic NP is a natural, rich, and robust subclass of NP. 
As evidence for its richness, we show that not only is it a proper extension 
of monadic NP, but that it contains properties not in various other 
extensions of monadic NP. In particular, we show that closed monadic NP 
contains an undirected graph property not in the closure of monadic NP 
under first-order quantification and Boolean operations. Our lower-bound 
proofs require a number of new game-theoretic techniques. Q zoo0 ~cadcmic   as 

1. INTRODUCTION 

When faced with a very difficult mathematical question, such as the question of 
whether NP equals co-NP, one approach to answering the question is first to sim- 
pllfy the question, develop tools for solving the simpler version, and then try to 
extend the tools to move toward an answer to the original question. 

Such an approach to the question of whether NP equals co-NP has spawned an 
area known as descriptive complexity, which is the complexity of describing 
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