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Concurrent Objects

Abstract data type (Queue)

enq: 1 enq: 2 deq: 1 deq: 2

Blocking reference implementation

enq: 1 é - deq: 1 || deq: 2

------------------------------

Efficient nonblocking implementation

enqg: 1 deq: 2 deq: 1

enq: 2




Linearizability

Effects of each invocation appear to occur instantaneously

Execution history

enqg: 1 deq: 2 deq: 1

enq: 2

Linearization admitted by Queue type
e:2 | e:l d:2 d:1
Theorem (Herliny and Wing, 1990)

Linearizability implies observational refinement

Theorem (Filipovic et al, 2010)
Observational refinement implies linearizability



Hardness

Execution history | 9dea: 1

enq: 1 deq: 2

enq: 2

Exponentially many linearizations to consider

e:1 d:2 e:2 d:1 e:1 d:2 d:1 e:2
e:1 d:1 d:2 e:2 e:1 d:1 e:2 d:2
e:2 d:1 e:1 d:2 d:1 e:1 d:2 e:2

Theorem (Gibbons and Korach, 1997)

e:1 e:2 d:2 d:1
e:2 e:1 d:2 d:1
d:1 e:1 e:2 d:2

Checking linearizability is NP-hard

e:1

e:2

d:1

e:2 d:1 d:2
e:1 d:1 d:2
e:2 e:1 d:2




Result

Replace enumeration by monotonic deductive inference

Execution history / partial linearization Queue rule
enq: 1 deq: 2 deq: 1 if |d:X| [d:Y
enq: 2 then | e:X | | eY

(partial) linearization

enq: 2 enq: 1 deq: 2 deq: 1

Theorem
Checking linearizability is polynomial-time for collection types



Approach

Reduction to logical satisfiability problem

K \ Logical

/ Queue Set \ characterization VXWVZ(X< VAYL<Z= X%
Stack Map ) VXVY(X<Y VY <X)
Register ... -

J K first-order Iogic /
K collection types J Hornlflcatlon

CAS  Exchanger P1AP2=Ps
| Q1A Q2 = Qg
nteger

K abstract data types j proposmonal Horn

Theorem (Dowling and Gallier, 1984)
Horn satisfiability is solvable in linear time




Logical Characterization

Queue rules

if | d:X

d:Y

then

e:X

e:Y

Execution history

Total order axioms

VXVYVZIX< YV AY <Z = X< 2Z)
VXVY(X =Y VX<V VY<X)

Queue axioms

VX1 VX2VYy1Vyz(match(xi,x2) A match(y1,y2) A X1 < y1 = Xo < yo)
VA

el ] g2 ]| Ground formula
e:2 e:1 <d:2 A d:2<d:1 Amatch(e:1, d:1) A match(e:2, d:2)
A ...
ambiguous
Theorem e:1 d:1 e:1 d:1

Linearizability equivalent to satisfiability unambiguous
for unambiguous histories et | a1l e | | a2




Hornification

Original clause
A<BvB<Cv-A<B)

Translated clauses
A<Bv-aC<B)v-A<B)

2(B<A)vB<Cv-A<B)
~(B<A)v-(C<B)v-A<B)
s-(B<A)v-(C<B)vB<A

Theorem
Translation is equisatisfiable and polynomial-time computable



Collection Types

Parametricity Locality Value invariance

{3,5} deq:3 {5} {3,5} deq:3 {5} {3,5} deq:3 {5}

{7,5} deq:7 {5} {3,5} size:2 {3,5} {3,5} sum:8 {}
Reducibility

{3,5} d:3; d:5 {}
{3,5,7} d:3; d:5; d:7 {} m) (3,7} d:3; d:7 {}
TR 5,71 A5 T )

Theorem
Restriction to unambiguous histories is sound for collections



Bounded Violations

Minimal violations

d:X P eX ; e:X e:Y s e

d:Y d:X

Minimal violation embedding

e:3 d:0 d:3

e:1 d:2 d:4

e:0 e:2 e:4 d:1

Theorem
Collections have bounded minimal violations



Logical Representation

Minimal violations

dXr eX eXpPrl ey

ad:Y Pl dX

Quantified conjunction of negations
VX1V XoVY1VY2
—(mM(X1,X2) A X2 < X3)

A =(M(X1,X2) A M(y1,Y2) A X1 <Y1 A Y2 < X2)
AN

Theorem

Collections have sound logical specifications
Corollary

Linearizability is PTIME computable for collections



Empirical Evaluation
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Observation

Orders of magnitude speedup
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